ON THE GEOMETRY OF SPHERICAL VARIETIES 



NICOLAS PERRIN 
Abstract. This is a survey article on the geometry of spherical varieties. 
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1. Introduction 

This paper is a survey on the geometry of spherical varieties. The problem of 
classifying algebraic varieties is very natural. It can be decomposed in two: classify 
algebraic varieties modulo birational transformations and describe all the elements 
in a birational class. These two problems are in general extremely hard and it 
is natural to impose conditions on the varieties we want to classify. The most 
natural conditions to impose are restrictions on the singularities. It is also natural 
to impose additional structures. In particular if G is a reductive 1 algebraic group 
we may consider G- varieties i.e. varieties with an action of G. Even with such 
restrictions the classification problem stays very hard. 

The action of G however gives a measure of the complexity of the varieties: 
the simplest G-varieties being the varieties with finitely many orbits. From this 
perspective, the simplest class of varieties we can consider is the following class. 
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Definition 1.0.1. A G-spherical variety is a normal G-variety such that all its 
G-equivariant birational models have finitely many G-orbits. 

This definition is not the usual definition of spherical varieties but we want to 
emphasize this more intrinsic and geometric definition. We will give equivalent 
definitions in Section 2.1 . Spherical varieties generalise several classes of ubiqui- 
tous algebraic varieties: toric varieties, projective rational homogeneous spaces and 
symmetric varieties. 

As one can expect from their definition, spherical varieties have a nice equivari- 
ant birational behaviour. In particular any projective spherical variety is a Mori 
Dream Space (see Theorem 4.1.1) and therefore Mori program runs perfectly over 
any characteristic for spherical varieties (see Section 4.1). Furthermore the above 
classification program is almost completed: the Luna-Vust theory (see Section 3.1) 
describes all the birational models of a given spherical variety using colored fans — 
a generalisations of fans used to classify toric varieties. Furthermore, Luna proved 
that the description of all birational classes is equivalent to the classification of 
wonderful varieties and gave a conjectural classification. Two solutions for this 
classification have been recently proposed (see Section 3.4.4). 

Spherical varieties have many other nice geometric properties. The characteris- 
tics of the action of the group G imply for example that the Chow groups are equal 
to the invariant Chow groups and are finitely generated. For smooth spherical va- 
rieties, they agree with the homology groups (see Section 2.2). The group action 
also gives a strong control on the local structure of spherical varieties. In particular 
all spherical varieties are rational. In characteristic 0, they have rational singular- 
ities and therefore are Cohen-Macaulay. This in turn implies vanishing results for 
nef line bundles (see Section 2.3). For spherical varieties in positive characteristic 
coming from reduction of spherical varieties in characteristic 0, we have Frobenius 
splitting properties and the same regularity and vanishing results hold (see Section 
4.2) 

The classification of spherical varieties in the same birational class via colored 
fans has many geometric applications. For example, as in the case of toric varieties, 
there is an explicit description of the Picard group and the group of Weil divisors in 
terms of convex geometry (see Section 3.2). Among other consequences this yields 
criteria of Q-factoriality, quasi-projectivity, properness or affiness for spherical va- 
rieties (see Sections 3.1 and 3.2). For projective varieties, the fan geometry can 
partially be translated into convex properties of the moment polytope associated 
to the moment mapping (see Subsection 4.3.1). More generally, Okounkov [115] 
and latter Lazarsfeld and Mustafa [98] and Kaveh and Khovanskii [76] defined the 
so called Okounkov bodies. Many geometric properties of the variety are encoded 
in the Okounkov body. This takes a particularly simple form for spherical varieties 
and leads in characteristic to flat deformations of spherical varieties to toric vari- 
eties, to a smoothness criterion, to formulas for computing the degree of line bundles 
and to an explicit presentation of the subring of the cohomology ring generated by 
the first Chern classes of line bundles (see Section 4.3). 

In this paper we tried to concentrate on the geometric properties of spherical va- 
rieties and therefore avoided as much as possible considering more particular classes 
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of spherical varieties such as toric varieties, horospherical varieties or symmetric va- 
rieties. We nevertheless discuss the specificities of toroidal and sober varieties in 
more details. 

Toroidal varieties arise naturally from the colored fan classification point of view 
since by definition their fan do not have colors. For this reason they are tightly con- 
nected to toric varieties as their same suggests. Toroidal varieties are also natural 
from the log-geometric point of view since the smooth toroidal varieties are exactly 
the log- homogeneous varieties 2 (see [36], [34] for more on the log-geometric point 
of view). Furthermore, the study of toroidal varieties leads to the description of a 
i3-stable canonical divisor and to explicit equivariant resolutions of singularities in 
characteristic of any spherical variety (see Section 3.3). 

Sober varieties are the spherical varieties having a complete toroidal variety with 
a unique closed orbit in their birational class. This completion is unique in the 
birational class. Thanks to results of Luna [107], the classification of all birational 
classes of spherical varieties amounts to classifying these complete toroidal varieties 
with a unique closed orbit which are smooth. Such varieties are called wonderful 
varieties and a classification has recently been proposed by Cupit-Foutou and by 
Bravi and Pezzini (see Section 3.4). 

Inspired by projective rational homogeneous spaces, the study of closures of B- 
orbits 3 in spherical varieties is an active and rich subject. We give a brief tour and 
describe in particular a graph whose vertices are the closures of £?-orbits. In some 
special cases the properties of this graph imply normality or non-normality results 
for orbit closures. We also present an application of these techniques proving reg- 
ularity results on multiplicity-free subvarieties of projective rational homogeneous 
spaces (see Section 4.4). 

We end the paper with a short list of further examples of spherical varieties. 

Notation (groups). In this paper G will be a connected reductive algebraic group. 
We will denote by H a closed spherical subgroup i.e. such that G/H is a spherical 
variety. We denote by T a maximal torus of G. by W the associated Weyl group 
and by R the corresponding root system. We denote by B a Borel subgroup of G 
and by R + and R~ the corresponding sets of positive roots and negative roots. We 
denote by U the unipotent radical of B. For V a group, we denote by X(r) the 
group of characters and by [F, F] the derived group. For A a dominant character 
of T, we denote by V{\) the highest weight module of highest weight A. For V a 
representation of a group T, we denote by V T the subspace of invariant and by 
the subspace of semiinvariants of weight A G X(r). The sum of all these subspaces 
of semiinvariants is denoted by V^ T \ 

Notation (varieties). We work over an algebraically closed field k. Varieties will 
be irreducible and reduced. A G-variety is a variety together with an action of 
the group G. Let H be a spherical subgroup of G. The quotient G/H is called 
a spherical homogeneous space. Any spherical variety X which is G-birational to 
G/H is called an embedding of G/H. For T an algebraic group and V a closed 
subgroup acting on a variety X, if the quotient of T x X under the action of T' 
given by 7' • (7,2;) = (77', 7'" 1 • x) exists, we call it the contracted product and 
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write r x r X . Such a quotient exists for example if X has ample T'-linearisable line 
bundle or if the quotient T — > T/V is locally trivial for Zarisky topology (e.g. if V 
is a parabolic subgroup of T) . The contracted product is a locally trivial fibration 
(for the etale topology) with fibers isomorphic to X over T/V. 

Foreword. This is a survey article. I tried to gather the most important results on 
spherical varieties with an emphasize on the geometry. I also tried to give sketch of 
proofs of the results when this was not too long as well as to give precise references 
to all the results presented. The presentation does not always follow a logical order: 
I sometimes use results coming later in the text but the reader will easily check the 
consistency of the proofs. 

Acknowledgement. I want to thank Michel Brion for many discussions and email 
exchanges on preliminary versions of this text. Part of this work was written while I 
was a B JF at the HCM in Bonn. This is the occasion to acknowlegde the wonderful 
working conditions I had there. 

2. First geometric properties 

2.1. Characterisations of spherical varieties. In this section, we give several 
equivalent definitions of spherical varieties. 

Definition 2.1.1. Let X be a G- variety and V a G- module. 

(i) The complexity c(X) of X is the minimal codimension of a £?-orbit in X. 
(n) V is multiplicity-free if for any A £ X(T) dominant, dimHomG(V(A), V) < 1. 

Theorem 2.1.2. Let X be a normal G -variety. The following are equivalent, 
(i) k(X) B = k. 
(n) c(X) = 

(m) X has finitely many B -orbits. 

(iv) X is spherical. 

If X is quasi-projective, then these conditions are equivalent to: 

(v) For L a G-linearised line bundle, the G-module H°(X,£) is multiplicity- free. 

Proof, (i)^(n) by Rosenlicht's Theorem [137]. 

(n)=^(in) Let Y be a closed B-stable subvariety of X we want to prove c(Y) = 0. 
Using the map Px B 7-> PY which is generically finite for P a minimal parabolic 
subgroup containing B with PY ^ Y, we get that c(PY) = c(Px B Y) and the latter 
is easily proved to be greater than c(Y): the fibration P x B Y — > P/B is locally 
trivial with fiber Y so that c(P x B Y) is equal to the minimum of the codimension 
of the orbits of a subgroup of B in 7. Since the minimal parabolic subgroups 
containing B span G, we may assume that Y is G-stable. By classical representation 
theoretic arguments and Sumihiro's local structure Theorem on normal G- varieties 
(see Theorem 2.3.1), there exists an open B-stable affine subset X n meeting Y 
non trivially such that any element in k[X$ n Y]^ can be lifted to an element in 
k{XoY B ) (up to taking some higher power in positive characteristic, see also [86, 
Theorem 1.3]). As / e k(Y) B can be written u/v with u, v e k[X Q n Y] (s) with 
the same weight, there exists n > and u',v' £ k[Xo]^ B ^ such that u'\y = u n and 
v'\y = v n . We get (u'/v')\y = f n and the transcendence degree of k(X) B is bigger 
than the transcendence degree of k{Y) B . 

(m)=>(iv) Follows from (n)=> (in): c(X) = for any G-birational model X. 
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(vu)=>(v) We may assume that X = G / H and that L is G-linearised. If the 
multiplicity-free assumption fails, there exist independent vectors v,w in k[G]( H ^ 
of the same weight. One can check that the closure of G ■ (it + v) in P(V) where V 
is the G-module spanned by it and v has infinitely many orbits. Taking the closure 
of G ■ (x, u + v) for a general x g X gives a G-birational model with infinitely many 
orbits. 

(v)^?-(i). Let / g k(X) B , there exists a G-linearised line bundle £ and sections 
a, a 1 in H°(X, with the same weight such that / = a/a' . These sections are 

colinear and / is constant. □ 

Corollary 2.1.3. Spherical varieties are rational. 

Proof. Let G/H be a spherical homogeneous space, by the previous result, there 
exists a Borel subgroup B such that B/BDH is dense in G/H. It is therefore enough 
to prove that a quotient B/K is rational for any connected solvable group B and 
any subgroup scheme K. We proceed by induction on (dimi?, dim B/K) with the 
lexicographical order. Pick Z a connected one dimensional normal subgroup of B. 
Such a subgroup always exists: if the unipotent radical of B is trivial then B is a 
torus and pick for Z any one dimensional subgroup. Otherwise, pick for Z a one 
dimensional subgroup of the center of the unipotent radical U of B (this center is 
non trivial and such a subgroup exist for example by [15, Theorem 10.6(2)]). If 
Z C K then quotienting by Z we conclude by induction on AivuB. Otherwise, we 
have a fibration B/K — > B/KZ obtained after quotienting by the action of Z via 
left multiplication (recall that Z is normal and that KZ is the subgroup generated 
by K and Z). The fiber of this fibration is Z/ (Z n K) which is a connected group 
of dimension 1. Since any connected solvable group is special (see [141, Proposition 
14]) the fibration B/K — > B/KZ is locally trivial and since B/KZ is rational (by 
induction on dim B/K) the result follows. □ 

2.1.1. Comments. Spherical varieties are usually defined by condition (i) or (n) 
of the previous result. Brion [22], Vinberg and Kimel'fel'd [151] and Popov [127] 
prove the equivalence with condition (in). The equivalence with the last condition 
was proved in [151], [29] and [12]. We refer to [149, Chapter 5] for other equivalent 
definitions of spherical varieties. 

2.2. Chow groups and homology. As a first step into the geometry of spherical 
varieties, we describe and compare Chow groups, homology groups and cohomology 
groups of spherical varieties. 

For a variety X, we denote by Z k X the free abelian group generated by all 
/c-dimensional closed subvarieties and by RkX the subgroup generated by divisor 
[div(/)] where / g k(W) x with W a (k + l)-dimensional subvariety in X. If X is 
a S-variety, we denote by Z B X the free abelian group generated by the instable 
closed subvarieties of X and by R B X the subgroup generated by divisors of the 
form [div(/)] where / g k(W)^ with W a (k + l)-dimensional subvariety in X. 
We denote by A k X and A B X the quotients Z k X/R k X and Z B X/R B X. We denote 
by A„X and AfX the direct sum of the groups A k X and A^X for all k > 0. 

Theorem 2.2.1. Let X be a spherical variety, then the canonical homomorphism 
AfX — > A*X is an isomorphism. 
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Proof. This result is proved in two steps. First using a result of H. Sumihiro [145] 
(see also Theorem 2.3.1) there is an equivariant Chow Lemma and by standard 
exact sequences for Chow groups (see [59, Section 1[) one can reduce the proof 
to the case where X is projective. This was proved by A. Hischowitz [69]. The 
surjectivity of the map comes from the Borel fixed point Theorem applied to the 
Chow variety: the class in the Chow variety of any subvariety in X has a B-fixed 
point in the closure of its £>-orbit. Applying similar arguments to the rational 
curves in the Chow varieties proves that R^X generates RkX . □ 

Corollary 2.2.2. Let X be a complete spherical variety, 
(i) The groups A^X are of finite type for all k > 0. 

(n) The cone of effective cycles in AkX®%Q is a polyhedral convex cone generated 
by the classes of the closures of the B -orbits. 

(tu) Rational and algebraic equivalences coincide on X. 

(w) Rational and numerical equivalences coincide for Cartier divisors on X . 

Proof, (i) follows from the previous result, (n) follows from the proof of the previous 
result: by Chow's Lemma we may assume X projective. The class of an effective 
cycle has a B-fixed limit in the Chow variety giving the result. For (in) recall from 
[57, Section 19.1.4] that the group of algebraically trivial cycles modulo rational 
equivalence is divisible. By (i) it is finitely generated therefore trivial. Finally (iv) 
follows from the fact that Pic(A) is torsion free (see Corollary 3.2.6) and the fact 
that the group of homologically trivial divisors modulo rational equivalence is a 
torsion group [57, Section 19.3.3]. □ 

Remark 2.2.3. The Chow groups may in general have torsion even for divisors. 
For example, the affine quadratic cone X in A 3 over a smooth conic in P 2 is toric 
singular with A\X = Z/2Z (see [60, Example 2.3] for more examples). 

When the variety is smooth and complete, we get a stronger result. 

Corollary 2.2.4. If X is a smooth complete spherical variety, then the canonical 
homomorphism A*X — > H*X is an isomorphism. 

Proof. By easy considerations on the £?-orbits, one can prove that for any variety Y 
with a trivial B-action the equivariant Kunneth map Af X ® Af Y — > Af (X x Y) 
is an isomorphism (see [59, Lemma 3]). Using Theorem 2.2.1 we get that the 
Kunneth map A*X (g> A*Y ^> A*(X x Y) is an isomorphism. From there, classical 
arguments of G. Ellingsrud and S.A. Str0mme [54] imply the result: the class of 
the diagonal [A] G A*(X x X) is in the image of A*X (g) A* X. In particular it is of 
the form [A] = J^. ® bi for some a^, hi e A*X therefore any class c is of the form 
c = J2i( a i ' c )bi- This proves that the classes hi generate A*X and H*X and that 
numerical and rational equivalences coincide. □ 

Remark 2.2.5. If X is not smooth this result fails: there are examples of singular 
toric varieties with non trivial odd homology groups, see [111] for more details. 

2.2.1. Comments. Theorem 2.2.1 and Corollary 2.2.4 are taken from [59]. In that 
paper the authors proves that the conclusion of Theorem 2.2.1 holds (with almost 
the same proof) for any scheme X with an action of a connected solvable group 
B. The first results in this direction were obtained for projective varieties by 
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Hirschowitz [69]. Corollary 2.2.2 is taken from [28, Section 1.3]. Note that the above 
results remain true in positive characteristic if we replace singular homology by etale 
homology. Note also that for X a complete spherical variety, Brion [30] proved that 
the following equality holds: Homz(Pic(X), Z) = A\(X). Recall the definition of 
the Chow cohomology group A 1 (X) from [57, Chapter 17]. The equality A 1 (X) = 
Homz(Ai(X),Z) also holds, see [59] thus Pic(X) = A 1 (X). 

2.3. Local structure of spherical varieties. In this section we describe the local 
structure of spherical varieties. More precisely, for X a spherical variety, we exhibit 
open coverings of X with good properties with respect to the action of the group. 
We deduce regularity properties and cohomology vanishing results for spherical 
varieties in characteristic 0. 

2.3.1. Local structure. Let us first recall a result of Sumihiro [145]. 

Theorem 2.3.1. Let X be a normal G-variety and let Y be a G-orbit. 

(i) There exists a quasi-projective G -invariant open subset of X containing Y. 

(n) If X is quasi-projective, there exists a G-linearised line bundle L inducing a 
G-equivariant embedding in F(H°(X, -C) v ). 

Because of this result, to give a Local Structure Theorem, we may assume that 
X is quasi-projective equivariantly embedded in P(V) where V is a rational G- 
module. Let a G V V< " B ^ a semi-invariant linear form and let P be the stabliser of 
[a] G P(V V ). The group P is a parabolic subgroup containing B. Denote by L the 
Levi subgroup of P containing T and by P u the unipotent radical of P. Denote by 
X a the open subset of X where a does not vanish. 

Theorem 2.3.2. (i) P u acts properly on X a , the quotient X a /P u exists and the 
morphism ir : X a — > X a /P u is affine. 

(n) There is a T -stable closed subvariety Z of X a such that the morphisms 
P u x Z — >• X a and Z — > X a /P u are finite and surjective. 

(ill) If charfc = 0, then Z can be chosen L-stable and such that morphisms 
P u x Z — > X„ and Z — > X a /P u are isomorphisms. 

Proof. It is enough to prove the result for X = P(V). Representation theory of G 
gives a £>-semiinvariant vector v G V^ BS> such that o~(v) — 1. Modifying V we may 
even assume that for any regular dominant cocharacter ru v : G m — > T, the weight 
A„ of v has value (w v , A^} larger than all the other weights of V. Taking a T-stable 
complement 5* of kv in V, we set Z = ¥(S © kv). Our assumptions imply that the 
morphism P u x Z — > X a is G m -equivariant (where G m acts via w y ), that the only 
fixed points are ([i>], 1) and [v], and that the fiber of [v] is ([v], 1). This implies that 
the map is finite and surjective. 

Since P u x Z — > X a is finite, it is proper and we get that k[Z] = k[Z x P u ] Pu is a 
finite k \X a ] - mo dule proving the finiteness of the latter. This implies the existence 
of the quotient. The theorem follows from this. For charfc = choose 5 to be a 
L-stable complement. □ 

Remark 2.3.3. In characteristic 0, the variety Z is L-spherical. 

2.3.2. Application to singularities and vanishing. In this subsection we assume 
charfc = 0. 
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Corollary 2.3.4. Let X be a spherical variety, then any G-stable subvariety has 
rational singularities, in particular it is Cohen- Macaulay. 

Proof. By the Local Structure Theorem, we may assume X to be affine. The afhne 
case is proved by deformation see Section 4.3.2 and Corollary 4.3.15. □ 

Theorem 2.3.5. Let ip : X — > X' be a proper G-equivariant morphism between 
spherical varieties and let £ be a globally generated line bundle on X. Then 
i?V*£ = for all i > 0. 

Proof. By the Local Structure Theorem, we may assume that X' is affine. Then 
one restricts to the case where L is trivial. Indeed, let L v be the total space of the 
dual line bundle £ v . Since L is globally generated, we have a proper morphism 
tt : L v — > Y = Spec ((B n H°(X, £")) . Up to replacing Y by its normalisation, these 
varieties are G x G m -spherical varieties. Since L v — > X is affine it is enough to prove 
the result for tt and O^v so that we can assume that L — Ox- By an application 
of Sumihiro's Theorem we may assume that the morphism is projective. 

We conclude by writing X = Proj(A) for some normal graded algebra A = ® n A n 
such that A is generated by Aq and A\ and X' = Spec(Ao). On X = Proj(A) we 
have the line bundle Oj((l). and a commutative diagram 

Z = Spec (e„Ox(n)) SpecA 

■4, 



where tt is proper and birational. The varieties on the top line are spherical for 
G x G TO thus have rational singularities. We get the vanishing R % tt*Q z = for 
i > and thus the vanishing H l (Z, Oz) = 0. The result follows since tp is affine. □ 



Corollary 2.3.6. Let X be a spherical variety proper over an affine and let L be 
a globally generated line bundle, then H % (X,Z) = for i > 0. 

The previous result is not true without the assumption "proper over an affine" 
as the example of A 2 \ {0} shows: iJ^A 2 \ {0},O) ^ 0. The next result is a 
generalisation of both Kodaira and Kawamata-Viehweg vanishings. In the next 
result, k(£) is the Iitaka dimension of £ i.e. the dimension of Proj ©„ H°(X, £ n ). 

Theorem 2.3.7. Let £ be a globally generated line bundle on a complete spherical 
variety X, then H'^X,^ 1 ) = for i ^ k(L). 

Proof. As in the proof of the previous Theorem, let L v be the total space of the dual 
line bundle £ v . We have a proper morphism ir : L v -> Y = Spec (@ n H°(X,£ n )) 
and up to replacing Y by its normalisation, these varieties are G x G m -spherical 
varieties. Therefore we have Wtt^Ol-j = for i > and by a result of Kempf [79, 
Theorem 5] we get R^^-^ir^L^ = cu Y while i? l 7r*w L v = for i / dimX - 
k(L). Since tp : L v — > X is affine and ujl v — tp*(oJx ® £), the result follows by 
projection formula and Serre duality (since X has rational singularities, it is Cohen- 
Macaulay) . □ 



ON THE GEOMETRY OF SPHERICAL VARIETIES 



9 



Remark 2.3.8. In our setting, Kawamata-Viehweg vanishing Theorem would im- 
ply that for L nef we have H % (X, = for i < k(L). Note that on spherical 
varieties nef and globally generated line bundles agree (see Corollary 3.2.11). 

2.3.3. Comments. The Local Structure Theorem was first proved in by Brion, Luna 
and Vust [40] over a field of characteristic 0. It holds in a weaker form for any G- 
variety. The positive characteristic version of this result was proved by Knop in 
[88] . For some specific spherical varieties, the Local Structure Theorem as stated 
in characteristic holds true in positive characteristic. This is the case for toroidal 
embeddings of the group G seen as a G x G-spherical variety (see [144]). This also 
holds for toroidal embeddings of symmetric varieties in characteristic different from 
2 by results of [46]. Some extensions of these results are obtained by Tange in [146]. 

The regularity and vanishing results of Section 2.3.2 are taken from [25]. We will 
recover these results via Frobenius splitting techniques in Section 4.2. 

3. Fans and geometry 

3.1. Classification of embeddings. Spherical varieties admit a simple combina- 
torial description of a given equivariant birational class. This classification of all 
embeddings extends the classification of toric varieties by fans (see [56], [114]). 

Note that there always exists a smallest element in a G-birational class: the 
dense G-orbit G/H. 

Definition 3.1.1. Let G/H a homogeneous spherical variety. 

(i) The set of G-invariant valuations 4 of k{G/H) is denoted by V(G/H). 

(u) The weight lattice of G/H is X(G/H) = { X e X(T) / k(G/H) ( x B) ^ 0}. It 
is a free abelian group of finite rank. Its rank is the rank of the spherical variety. 
Write X V (G/H) for the dual lattice and X Q (G/H) and X^{G/H) for their tensor 
product with Q. 

(m) The set of colors D(G/H) is the set of B-stable divisors of G/H. 

When there is no possible confusion, we will write X, X v , V and D for X(G/iJ), 
X V (G/H), V(G/H) and D(G/H). Any valuation v induces a homomorphism p v : 
X Q defined by p„(A) = v{f) with / e k(G/H) (B) . This is well defined since 
k(G/H)\ ' is one-dimensional. For any D GB there is an associated valuation vv 
We therefore have a map 

p : V U D -> 

It is injective on V (see [86, Corollary 1.8]) but not on D in general. 

3.1.1. Simple spherical varieties. Let X be an embedding of G/H and let Y be a 
G-orbit in X. The subset X y .g = {x G X / Y C Gx} is G-stable, open in X. The 
G-orbit Y is the unique closed G-orbit of Xy.a- In particular X can be covered by 
G-stable open subsets with a unique closed orbit. 

Definition 3.1.2. A spherical variety with a unique closed orbit is called simple. 

By the above discussion, spherical varieties are covered by simple spherical va- 
rieties. Note also that Sumihiro's Theorem 2.3.1 implies that simple spherical 
varieties are quasi-projective. 



4 A valuation v is called invariant if v(g ■ f) = v(f) for all g £ G and all / g k(G/H). 
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Definition 3.1.3. Let X be a spherical variety and Y be a G-orbit in X. 
(i) Define D Y (X) = {D e D / Y C D}. 
(11) Define T){X) = UyBy(l) the set of colors of X. 
(m) Define V(X) the set of G-stable irreducible divisors of X. 
(iv) Define V Y (X) = {D e V(X) / Y C ~D}. 

Theorem 3.1.4. A simple spherical embedding X of G/H with closed orbit Y is 
completely determined by the pair (Vy(X),T>y(X)). 

Proof. First the datum D Y (X) determines two canonical £>-stable open subsets 
Xy,B and X of X and G/H respectively by setting 

X Y , B =X\ |J and I„ = G/H \ {J D. 

DeD\D Y {X) DeT>\V Y (X) 

In particular Xq can be recovered from T>y(X). Looking at the ring of functions 
we have fcfl^s] = {/ e k[X ] / v{f) > for all v e Vy(A)}. Finally we recover 
X from Xy b- since X is simple X = GXy.B- O 

Let X be a spherical variety and Y a G-orbit. 

Definition 3.1.5. Define Q Y (X) C Xq as the cone generated by Vy(X) and 

p(Vy(X)). 

Definition 3.1.6. Let G/H be a homogeneous spherical variety. 

(i) A colored cone for G/H, is a pair (6,?) with 6 C Xq and J C T)(G/H) 
having the following properties. 

(CC1) 6 is a cone generated by p(3 r ) and finitely many elements of V. 
(CC2) The intersection 6° n V is non empty 5 . 

The colored cone (C, J) is called strictly convex if the following condition holds. 
(SCC) The cone 6 is strictly convex and ^ p(3 r )- 

(n) A colored face of (C, 5T) is a pair (Co, ^o) satisfying is the following conditions. 

(a) The set Co is a face of the cone C. 

(b) The intersection Co D V is non empty. 

(c) We have the equality Jo = 5" H Co- 

Theorem 3.1.7. Let G/H be a homogeneous spherical variety. 

(i) The map X n> (G Y (X), Dy{X)) is a bisection between the isomorphism 
classes of simple spherical embeddings X of G/H with closed orbit Y and strictly 
convex colored cones. 

(n) Let X be a spherical embedding of G/H and let Y be an orbit. Then there is 
a bijection Z i-> (Q^(X),D Z (X)) between the set of G- orbits in X such that Z D Y 
and the set of faces of (C^(A), T> Y (X)). 

Proof. The main point in the proof is the existence of a spherical embedding 
with a given colored cone (uniqueness follows from Theorem 3.1.4). We sketch 
the construction of a spherical variety X with colored cone (C, 5") and refer to [86, 
Theorem 3.1] for a complete proof. Condition (CC1) allows to construct elements 
ifi)ie[o,n] G k[G\ which are B x _ff-semiinvariants with the same iJ-character and 
such that the open subset X defined in the proof of Theorem 3.1.4 is given by 
A = D(f ). Write W for the G-span of the (/i)ie[o,n]- These elements define a 

5 Here C° denotes the relative interior of C. 
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G-equivariant morphism ip : G/H — > P(VF V ). Condition (SCC) implies that this 
morphism has finite fibers and condition (CC2) implies that the Stein factorisation 
G/H ->■ X -> P(VF V ) yields a simple spherical variety X with cone (6, 3"). □ 

3.1.2. General case. Since spherical varieties have an open covering of simple spher- 
ical varieties, we only have to glue together the simple pieces to get the general 
classification. For this we need the following notions. 

Definition 3.1.8. A colored fan F in Xq is a finite collection of colored cones (C, 3~) 
satisfying the properties. 

(CF1) Every colored face of a colored cone (C, 3") of F is in F. 

(CF2) For any v G V there is at most one colored cone (C, J)eF with v G 6°. 

A colored cone is called strictly convex if any colored cone in F is strictly convex. 
This is equivalent to (0, 0) G F. 

Definition 3.1.9. Let X be an embedding of G/H we define ¥(X) to be the set 
of all colored cones (e Y (X),T> Y (X)) for Y a G-orbit in X. 

Theorem 3.1.10. The map X i- > W(X) is a bijection between isomorphism classes 
of embeddings and strictly colored fans. 

Proof. This is a consequence of Theorem 3.1.7. The simple models given by the 
cones glue together along the smaller simple spherical embedding given by colored 
faces. One then has to check that the variety obtained this way is separated. This 
is done thanks to the valuative criterion of separatedness. We refer to [86, Theorem 
3.3] for the proof of this fact. □ 

3.1.3. Morphisms. Let ip> : G/H — > G/H' be a surjective G-morphism of homoge- 
neous spherical varieties. We have a a surjection cp* : X v (G/iT) *- X v (G/iJ) 

and an equality p„(V(G/ff)) = V{G/H'). 

Definition 3.1.11. (i) Denote by 3~ v the set of D G D(G/H) such that ip maps D 
surjectively to G/H'. Let 3"£, be its complement in D(G/H). 

(n) Denote again by ip* : 3"^ — > D(G/H') the map defined by D i-> <p{D). 

Definition 3.1.12. (i) Let (6, J) and (e',5F') be colored cones of G/iJ and G/iT 
respectively. We say that (C, 5") maps to (C',?') if the following conditions holds. 
(CM1) We have the inclusion p. t {<2) C C. 
(CM2) We have the inclusion 3>) G J'. 

(n) Let F and F' be colored fans of embeddings of G/H and G/H' respectively. 
The colored fan F maps to F' if every colored cone of F is mapped to a colored cone 
of F'. 

Let ip : G/H — > G/H' be a surjective morphism between spherical homogeneous 
spaces. Let X and X' be embeddings of G/H and G/H' respectively. 

Theorem 3.1.13. <p extends to X — > X' if and only if¥(X) maps to W(X'). 

Proof. It is enough to assume that X and A'are simple embeddings. Consider 
the open subsets Xq, Xy.b in X and X' , X' Y B in X' as defined in the proof of 
Theorem 3.1.4. The condition (CM2) is equivalent to the fact that <p restricts to 
ipo ■ Xq — >• Xq. Using the characterisation of Xy,B and X' Y B given in Theorem 



12 



N. PERRIN 



3.1.4, condition (CM1) is equivalent to the existence of a morphism <Py,b ■ Xy.b — > 
X' Y b extending ipo. □ 

Definition 3.1.14. Let F be a colored fan. Define the support of F by 

Supp(F) = V(G/H) p| |J 6. 

(e,30eF 

Let ip : X — > X' be a dominant morphism extending a surjective morphism 
G/H — > G/H' between spherical embeddings. 

Theorem 3.1.15. tp is proper if and only i/Supp(F(X)) = </?^ 1 (Supp(F(X'))). 
In particular X is complete if and only if Swpp(¥(X)) = V(G/H). 

Proof. This is a classical application of the valuative criterion of properness. Note 
that the inclusion Supp(F(X)) C tp* 1 (Supp(F(X'))) is always satisfied. □ 

Remark 3.1.16. Non strictly convex colored fans classify dominant G-morphisms 
from G/H with irreducible and reduced fibers, see [86, Theorem 4.5]. 

3.1.4. Structure of G -orbits. Let X be a spherical G-variety. Let us first note the 
following corollary of Theorems 3.1.7 and 3.1.10. 

Corollary 3.1.17. There is a decreasing bijection between the set of G -orbits in 
X and the set of colored faces of the fan of X . 

Theorem 3.1.18. Let Y be a G-orbit, then rk(F) = rk(X) - dimC^(X). 

Proof. Let A be the set of characters vanishing on Q Y (X). Then restriction of 
B-semiinvariant functions gives the inclusion A C X(Y"). But, up to p-torsion, B- 
semiinvariant rational functions on Y can be extended to B-semiinvariant rational 
functions on X (see for example [86, Theorem 1.3b]). □ 

Theorem 3.1.19. Assume charfc = 0. Any closed G-stable subvariety Y of X is a 
spherical variety. 

Proof. Normality follows from Corollary 2.3.4 or Corollary 4.3.15. Theorem 2.1.2 
implies that X and thus Y has finitely many i?-orbits. Thus Y is spherical. □ 

3.1.5. Comments. The classification of embeddings, also called Luna-Vust theory 
was first studied in a more general setting by Luna and Vust in [108]. For spherical 
varieties i.e. varieties of complexity 0, this was latter simplified and extended to 
any characteristic by Knop in [86] . We follow the presentation of Knop [86] . This 
classification of spherical embeddings can be partially generalised to varieties of 
complexity 1, see [88], [149], [148] and [147]. 

To complete the classification of spherical varieties, one needs to classify the 
homogeneous spherical spaces i.e. the spherical subgroups of a reductive group G. 
Luna [107] conjectured that these subgroups should be classified by combinatorial 
objects called spherical systems. In [103], Losev proves that there is at most one 
spherical subgroup for each spherical system. There are two recent propositions of 
a complete proof of the conjecture i.e. the existence of a spherical subgroup for 
any spherical system. The first approach it via combinatoric and follows Luna's 
proof of type A in [107]. Type D is solved in [18] and type E in [17]. In the papers 
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[19], [20], [21], Bravi and Pezzini propose a general solution. A more geometric 
approach via invariant Hilbert schemes as been proposed in [49] by Cupit-Foutou. 
See Subsection 3.4.4, [37, Section 4.5] and [149, Section 30.11] for more details. 

Several partial classifications have been achieved. For example, Akhiezer in [2] 
classifies the spherical varieties of rank one while Cupit-Foutou [48] classifies the 
varieties with two orbits. In [139], [140], Ruzzi gives a complete classification of 
smooth symmetric varieties with Picard number one. In [118], Pasquier classifies 
the smooth horospherical varieties with Picard number one. 

3.2. Divisors. In this section, we describe the Picard group of spherical varieties 
in terms of their fans. We also describe ample, nef and globally generated line 
bundles. Comparing with the Weil divisors described in Section 2.2 this leads to a 
characterisation of Q- factorial spherical varieties. We also give characterisations of 
quasi-projective and afiine spherical varieties. 

3.2.1. The Picard group. Recall from Theorem 2.2.1 that any Weil divisor 8 can be 
written in the form 8 — J2d n D[D] where the sum runs over all B-stable irreducible 
divisors in X. 

Theorem 3.2.1. The divisor 8 is Cartier if and only if for any G-orbit Y there 
exists fy € k(Xy B *> with no = Kd(/yO for any B-stable divisor D containing Y. 

Proof. Assume that 8 is Cartier. We may assume that X is simple with closed 
orbit Y. By Sumihiro's Theorem X is quasi-projective and we may assume that 
8 is globally generated (any Cartier divisor on a quasi-projective variety can be 
written as the difference of two globally generated divisors). Since 8 is globally 
generated, there exists a section a e H°(X, Ox(8)Y B ^ with a\y ^ and 8 is 
principal on X„. 

Conversely, we may again assume that X is simple with closed orbit Y . Replacing 
8 by 8 — div(/V) we may assume that no component of 8 contains Y . We may 
therefore replace 8 by D an irreducible B-stable divisor not containing Y. Denote 
by i : X Icg — > X the inclusion of the regular locus. The locus where the sheaf 
i*0x™z(D H A rcg ) is not locally free is a G-stable closed subvariety (up to taking a 
fnite cover of G so that the sheaf is G-linearised) and contained in D. It is therefore 
empty (since Y is the only closed G-orbit). □ 

Definition 3.2.2. Let A be a spherical variety 

(i) Denote by C V (A) the union of the cones G Y (X) for Y a G-orbit. 

(u) Define the set PL(X) of piecewise linear functions as the subgroup of func- 
tions / on C V (A) such that 

• for any G-orbit Y, the restriction ly to G Y (X) is the restriction of an 
element of X(G/H); 

• for any G-orbit Z with Z C Y. we have lz\e^(x) = W- 
(m) Denote by L(X) the group of linear functions on F(A). 

Remark 3.2.3. The function I only depends on its values on the maximal cones 
therefore on the cones of the closed orbits in X. Note however that if the maximal 
cones do not have the maximal dimension then the function ly does not determine 
an element in X(G/H). 
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Theorem 3.2.4. There is an exact sequence 

e v (x) ± nx^z(B\ D(x)) -»• Pic(x) -> pl{x)/l(x) -> o. 

Proof. By Proposition 3.2.1, we have a surjective map Pic(X) — » PL(X)/L(X) 
defined by sending 5 to the collection (/y)y. The kernel is given by divisors S — 
^2 D ri£)[D] such that nu = for all D G for some orbit Y thus coming from 

Z(© \ 2)(X)). If a Cartier divisor is principal its image lies in L(X). If / is such 
that div(/) is in the kernel, then for all Y and D a 5-stable divisor with D D Y . 
we have {p{yr>),f) = thus / G G V (X)^. □ 

Corollary 3.2.5. Pic(X) is of finite rank. 

Corollary 3.2.6. Pic(X) is torsion free if there exists a complete G-orbit. 

Proof. The quotient PL(X)/L(X) is free. For Y a complete G-orbit we have 
dimG Y (X) = dimX v by Theorem 3.1.18 thus G v (X) 1 - =0. □ 

Remark 3.2.7. If X has no complete G-orbit then the Picard group may have 
torsion as shows the example X = G with G semisimple not simply connected (this 
is a spherical variety for the action of G x G). 

3.2.2. Ample and globally generated line bundles. If X is complete, the function I 
completely determines for each closed G-orbit Y an element xy G X(G/7J) such 
that ly — \Y so that the value Iy(p{vd)) = vd{xy) is well defined even if p{yu) 
does not lie in G Y (X). This will simplify the statement of the next result for which 
we will assume that X is complete. For a characterisation of globally generated 
and ample line bundles in the general setting, see [149, Theorem 17.3]. 

Definition 3.2.8. A function I G PL(X) is called convex if ly < (^z)le^(x) f° r anv 
orbit Y and any closed orbit Z. If the inequality is strict, then I is called strictly 
convex. 

Theorem 3.2.9. Assume X complete and consider a Cartier B-stable divisor 
5= n oD+ 1 y{p{vd))- 

De'D\'D(X) De'D(X)uV{X) 

(i) The divisor 8 is globally generated if and only if I is convex and the inequality 
ly(p{vrj)) < nu holds for all closed G-orbit Y and all D eB \ 'D(X). 

(n) The divisor 5 is ample if and only if I is strictly convex and the inequality 
ly(p{vr))) < Tin holds for all closed G-orbit Y and all D G D \ D{X). 

Proof, (i) We may assume that 5 is G-linearised. It is then globally generated if 
and only for any closed G-orbit Y here exists a G H°(X,SY B ^ such that a\y ^ 0. 
This in turn is equivalent to the fact that we can write S = Ay + div(_/y) with 
Ay effective not containing Y and f Y a £>-semiinvariant function. If xy is the 
weight of f Y , then this is equivalent to the inequalities l(p(u D )) > Xy{p{ v d)) for 
all D G D(X) U V(X) with equality for D D Y and Xy(p{vd)) < n D for all 
D G T>\T>(X). 

(n)By the previous argument, a large multiple of 5 separates closed orbits if and 
only if ly 7^ lz for Y and Z two distinct closed orbits. The proof therefore reduces 
to the case of a simple spherical variety X with closed orbit Y in which case we 
may choose ly =0. If 5 is ample, then nS — X)neD\Dy(X) D IS globally generated 
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for large n thus no > by (i). Conversely, assume ud > for all D 6 D \ Dy(X) 
and let r\ be the canonical section of the effective divisor S. We have X v = Xy.b 
which is affine and one easily checks that any / £ k[X n ] is of the form cr/rf 1 for 
some n and some o e H°(X, nS). Since (X g . v ) ge o is a covering, S is ample. □ 

Corollary 3.2.10. For X spherical and complete, any ample divisor is globally 
generated. 

Corollary 3.2.11. For X spherical and complete, nef and globally generated line 
bundles agree. 

Proof. Recall from Corollary 2.2.2, that rational and numerical equivalence agree 
for Cartier divisors. Theorem 3.2.9 implies that the cone of globally generated 
line bundles is the closure of the ample cone. The latter is the nef cone (see [97, 
Theorem 1.4.23]). □ 

3.2.3. Quasi-projective and affine spherical varieties. The description of ample line 
bundles on spherical varieties leads to the following characterisation of quasi-pro- 
jective spherical varieties. 

Corollary 3.2.12. A spherical variety X is quasi-projective if and only if there 
exists a strictly convex Q- valued function on C v (X) which is linear on each cone 

e Y (x). 

In [86], Knop gives a characterisation of affine spherical varieties. 

Theorem 3.2.13. A spherical variety X is affine if and only if X is simple and 
there exists ^£X such that x\v < 0, xle v (x) — and xl^(D\D(x)) > 0. 

3.2.4. A criterion for Q-factoriality. Comparing the group of Weil divisors with 
the Picard group gives the following result. 

Theorem 3.2.14. Let X be a spherical variety. 

(i) The variety X is locally factorial if and only if for any G-orbit Y , the elements 
p( v d) tying in Cy-(X) for D any B-stable divisor form a 2,-linearly independent 
subset o/X v . 

(n) The variety X is locally ^-factorial if and only if for any G-orbit Y , the ele- 
ments p{vd) lying in G Y {X) for D any B-stable divisor form a linearly independent 
subset o/Xq. 

Proof. Since this is local we may assume that X is simple with closed orbit Y. By 
Theorem 2.2.1, we have an exact sequence X -> Z(V(X) UD) — > A dimX -i(X) — > 0. 
Since there is a unique cone in the fan, we have PL(X) = L(X) thus for the Picard 
group we have an exact sequence Gy(X) 1 - n X -> Z(T> \ D Y (X)) -> Pic(X) -> 0, 
by Theorem 3.2.9. The groups Pic(X) and A^i m x-i(X) coincide if and only if for 
any D e V(X) UT>y{X) there exists xd € X with Xd(p(vd')) = o~d,d> which is the 
required condition. □ 

3.2.5. Comments. The description of the Picard group of spherical varieties follows 
[24]. See also [149]. The above characterisation of Q- factorial spherical varieties can 
be found in [35]. There is no general description of big divisors. For X complete, 
the cone of effective divisors is convex polyhedral generated by the classes of in- 
stable divisors (Corollary 2.2.2), but it is hard to give in general explicit generators 
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of this cone. Partial answers for effective divisors on wonderful varieties or for big 
and effective divisors on symmetric varieties are given in [33] and [138]. 

3.3. Toroidal varieties. In this Section we assume char(fc) = 0. This section 
is one of the two sections where we consider a special class of spherical varieties. 
There are several reasons for this. First, any spherical variety has a toroidal open 
dense subset whose complement is in codimension at least 2. The computation 
of a canonical divisor for toroidal varieties therefore leads to a computation of 
a canonical divisor of any spherical variety. A second reason relies on the fact 
that the Q-factoriality criterion (Theorem 3.2.14) turns out to be a smoothness 
criterion for toroidal varieties. This then leads to an explicit equivariant resolution 
of singularities for any spherical variety. Finally, using toroidal varieties, we prove 
that the set of invariant valuations V is a polyhedral convex cone. 

Definition 3.3.1. A spherical variety A is toroidal if D(X) is empty. 

3.3.1. Local structure. Let A be a spherical variety and let Ax = LinenD. Denote 
by Px the stabiliser of Ax, it is easy to check that Px is also the stabiliser of 
BH/H and in particular it is a G-birational invariant of A. 

Proposition 3.3.2. Let X be a spherical variety. The following are equivalent, 
(i) The variety X is toroidal. 

(n) There exists a Levi subgroup L of Px depending only on G/H and a closed 
subvariety Z of X \ Ax stable under L such that the map 

(P x )u xZ^X\A x 
is an isomorphism. The group [L, L] acts trivially on Z which is a toric variety for 
a quotient of L/[L,L]. Furthermore any G-orbit meets Z along a unique L-orbit. 

Proof. Assume that A is toroidal, since Ax is Cartier and globally generated, we 
may apply Theorem 2.3.2 to rj the canonical section of Ox(Aj). For some closed 
i-spherical variety Z C X\ Ax, we have X n = X \ Ax — {Px)u x Z. Furthermore 
B (~l L has finitely many orbits in Z and one easily checks that (BH/H) n Z = 
(G/H) n Z thus L = (B n L)H which implies that [L, L] acts trivially on Z (see [40, 
Section 3.4, Lemme]). We get that Z is a toric variety for a quotient of L/[L, L). 

Conversely, any G-orbit of A meets Z and thus is not contained in Ax • It is 
therefore not contained in any B-stable non G-stable divisor. □ 

Remark 3.3.3. The previous result implies that there is a one to one correspon- 
dence between the G-orbits in A and the L-orbits in Z: a L-orbit Z' in Z is mapped 
to GZ' while a G-orbit Y in A is mapped to Y (1 Z. 

Corollary 3.3.4. Assume that X is toroidal. Then X is smooth if and only if for 
any G-orbit Y , the cone Cy(A) is generated by a basis o/X v . 

Proof. The previous result implies that A has the singularities of a toric variety 
with the same cones as the cones of A. The result follows by standard result on 
toric varieties (see [56, Section 2.1, Proposition 1] or [114, Theorem 1.10]). □ 

3.3.2. Valuation cone. Using toroidal embedding we may prove that the cone V of 
invariant valuations is a polyhedral convex cone. 

Proposition 3.3.5. There exists a complete toroidal embedding of G/H. 
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Proof. Choose / in k[G]( BxH ^ such that / is ii-invariant and vanishes on the 
inverse image in G of any D G D. Let W be the G- module spanned by / and let 
X' be the closure of the image of the induced morphism G/H — »• P(W V ). There is 
no G-orbit of X 1 contained in the divisor divo(/). If X" is a complete embedding 
of G/H, then the normalisation X of the closure of G/H diagonally embedded in 
X' x X" gives the desired embedding. □ 

Corollary 3.3.6. The set V is a polyhedral convex cone. 

Proof. First one has to prove that V is convex. For this result we refer to [117, 
Proposition 2.1] or [86, Lemma 5.1]. Then pick X a complete toroidal embedding. 
The union of the finitely many polyhedral convex cones C^(X) for Y a closed G- 
orbit is V. □ 



3.3.3. Resolution of singularities. As an application we get equivariant resolutions. 

Corollary 3.3.7. Let X be a spherical variety, there exists a G-birational morphism 
X — > X with X toroidal. 

Proof. Replace any colored cone (6, J) by (6 n V, 0). □ 

Corollary 3.3.8. Any spherical variety has a G-equivariant toroidal resolution. 

Proof. Take a G-birational toroidal embedding dominating X . Subdivising its fan 
as for toric varieties (see [56, Section 2.6] or [114, Section 1.5]) gives a resolution. 
□ 

3.3.4. Canonical divisor. Define the canonical sheaf ojx on a normal variety X by 
extending the canonical sheaf of the smooth locus: ujx = where i : X TCg — > 
X is the embedding of the smooth locus of X. A Weil divisor Kx is called canonical 
if Ox(Kx) = ojx- Denote by dX the union of the G-stable divisors. 

Theorem 3.3.9. There exists a canonical divisor Kx of X such that 
-K x = J2 X *+ J2 a D D = dX + H 

X t eV(X) DeD(G/H) 

with an positive integers and H a globally generated divisor. 

Proof. Replacing X by the union of G-orbits of codimension at most one, we 
may assume that X is toroidal and smooth. We want to study the action map 
Act : g ® Ox — > T x obtained from differentiating the map G x X — > X given by the 
action of G on X. First restrict the tangent bundle to X \ A x — {Px)u x Z, we 
get T x \a x — ((Px)u ® Q(p x )„) x Tz- Since Z is a toric variety for a quotient S of 
L/ [L, L] , if s is the Lie algebra of S, we have that the image of the action map for this 
toric variety is s<X> Oz — Tz{—\ogdZ) where dZ is the union of the S'-stable divisors 
in Z and Tz(—\ogdZ) is the logarithmic tangent bundle obtained as subsheaf of 
Tx of derivations of Ox preserving the ideal of dZ (see [114, Proposition 3.1]). 
Because of the correspondence between orbits in X and in Z (see Remark 3.3.3) we 
get that the action map over X \ Ax has image Tx\a x ( — ^ogdX) which is free. Let 
h = dim H and G(h, q) be the Grafimann variety of vector subspaces of dimension h 
in fj. The kernel of the action map is locally free of rank h and defines a morphism 
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X \ Ax — > G(h,Q) which extends the natural morphism x^t\) x for x € G/H and 
for \) x the Lie algebra of the stabiliser of x. By G-equivariance we get a morphism 
if : X -> G(h,g) and an exact sequence -> y^S -> g Ox ->• log<9A") ->■ 0, 

where 5 is the tautological subbundle on G(h, q). Taking the maximal exterior 
power we get an isomorphism ^*Og(/ 1iB )(1) ~ uj x (— dX) and the result follows 
after picking a well chosen B-stable divisor representing Og(/i.b)(1)- □ 

3.3.5. Rigidity. Toroidal varieties satisfy rigidity properties. It is well known (see 
for example [83, Theorem 4.6]) that a smooth complex variety X has no deformation 
if H^X^Tx) = 0. Write S x = T x (-logdX), then the pair (X,dX) has no 
deformation if H X {X, S x ) = 0. 

Theorem 3.3.10. Let X be a smooth spherical variety. 
(i)IfX is toroidal, then H l (X, S*S X ) = for i > 0. 

(n) If furthermore G/H is proper over an affine, then H % {X, L <g> S*S X ) = for 
i > and any globally generated line bundles L. 

Proof. We only give a brief sketch of proof and refer to [90, Theorem 4.1] for the 
first part and to [13, Proposition 3.2] for the second part. 

(i) Let L x = SpecS*S x and consider the Stein factorisation L X — > M x — > Q v of 
the moment map (see Section 4.3.1 for more on the moment map). Then the hard 
part is to prove that M x has rational singularities and that the fiber of L x — > M x 
is unirational. The main result of [95] finishes the proof. 

(n) The assumption implies the existence of an effective Q-divisor D containing 
dX such that P ^- ) (l)<E)p*O x (E) is big and nef with p the morphism p : V(S X ) -> 
X. Kawamata-Viehweg Theorem (see [78] or [150]) gives the result. □ 

For Fano varieties, this result implies a rigidity result (see [13, Proposition 4.2]). 

Corollary 3.3.11. Let X be a smooth toroidal spherical Fano variety, then we 
have H' l (X,T x ) = for all i > 0. 

Proof. Write (Xi) ie [ l n ] for the irreducible components of dX. If N Xi is the normal 
bundle of Xi, then N Xi = uj x x ® w Xi - The exact sequence — > S x — > T X — > 
®iLi"^Xi — > 0, the above vanishing H l {X,S x ) — and, since lj^ 1 is ample, the 
Kodaira vanishing Theorem H 1 (Xj,cj x 1 ® w Xi ) = give the vanishing. □ 

3.3.6. Comments. Proposition 3.3.2 is taken from [41]. The description of the set V 
as a cone was first proved in [41] and extended to any G- variety in any characteristic 
in [88] . There is an explicit formula for the coefficients of the canonical divisor given 
in [30]. The first part of Theorem 3.3.10 is proved in [90] and the second part as 
well as the rigidity of Fano regular varieties can be found in [13] . These vanishing 
results were partly extended to quasi-regular varieties in [120] 6 . 

3.4. Sober spherical varieties. In this section we assume charfc = 0. This is 
the second section where we consider special classes of spherical varieties. The first 
reason for this is that sober varieties and especially symmetric varieties and com- 
pletions of algebraic groups played a leading role in the development of the theory 
of spherical varieties and still represent an important source of inspiration. The 



A quasi-regular variety is a smooth spherical variety such that the components of the boundary 
are smooth and p(V(X)) C V. 
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second reason is that wonderful varieties i.e. the smooth projective toroidal sim- 
ple sober varieties play a crucial role in the classification of homogeneous spherical 
varieties. 

3.4.1. Structure of the valuation cone and little Weyl group. The set of G-invariant 
valuations V of G/H is a convex cone (see Corollary 3.3.6). We give more pre- 
cise results on its structure. First we characterise the vertex of this cone. Let 
Aut G (G/H) = Nq(H)/H be the G- automorphism group of G/H. We refer to [86, 
Section 4 and Theorem 6.1] for a proof. 

Proposition 3.4.1. The group Kuta(G / H) is a diagonalisable group. In particu- 
lar, the connected component of the identity Autc(G/H) a is a central torus. 
Furthermore we have dim Auto(G / H) — dim(V n —V). 

In particular the cone V is strictly convex if and only if Nq(H)/H is finite. If 
this is the case, the subgroup H is called sober. 

Corollary 3.4.2. H is sober if and only if G/H has a simple toroidal completion. 
Proof. Take (V, 0) as colored cone. □ 

Definition 3.4.3. An embedding of G/H with H a sober subgroup is called sober. 

To describe the structure of the cone of valuations V we may assume by Propo- 
sition 3.4.1 that H is sober. In that case Brion [26] proved the following result. 

Theorem 3.4.4. The cone V is the fundamental domain of the Weyl group Wx of 
a root system in X v . In particular it is simplicial. 

Proof. The main idea of the proof is to use the fact that fundamental domains 
of the Weyl group of a root system are characterised by the values of the angles 
between two edges of the cone (which can only be ir/2. 7r/3, ir/4 or 7r/6). This is 
proved by restriction to the rank 2 case and Brion proves that for this it is enough 
to consider spherical varieties of rank at most 4. The proof then follows by case by 
case inspection. 

The root system can be explicitly described as follows. There is a unique simple 
toroidal completion X of G/H (Corollary 3.4.2) and the Structure Theorem for X 
(see Proposition 3.3.2) gives an affine toric variety Z for some torus C which is 
a quotient of T and with X(C) = X(G/H). The generators of the monoid of all 
weights of elements in fc[Z]( c ) yields the root system in X(C) — X(G/H). □ 

Definition 3.4.5. The group W G / H is called the little Weyl group of G/H. 

As the above proof does not give much geometric information or reason why this 
result should be true, Knop started a project to give a more conceptual definition 
of the little Weyl group Wq/h as wen as a more conceptual proof of the fact that 
V is fundamental domain for Wq/h- He achieved this and even generalised most of 
the statements to any G- variety in a series of papers [88], [89], [92], [85], [90]. See 
also the text [84] . We will give a very brief review of his results here. 

Assume k = C. First using the moment map, Knop defines a little Weyl group 
in a geometric way and gives many properties of its action. Here we consider the 
moment map in the complex setting as follows. For X a smooth G- variety let 
be the total space of its cotangent bundle, then we have a map 
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defined by (x,£) h-> (t] h- > £(d e , x (j(i~i, 0))) where cr : G x I -> I is the action. We 
recover the real moment map (see Subsection 4.3.1) from this map since the choice 
of an invariant hermitian form gives a section of the cotangent bundle. Now we can 
consider the following fiber product 

T% x t/w t t 



n fl v ~ o — - q//g ~ t/w. 

The variety T x x t /w t is in general not irreducible so pick an irreducible component 
C dominating T x . The Weyl group acts on the irreducible components of T x x t / w t. 

Theorem 3.4.6. The little Weyl group Wx is the quotient N w (C)/Cw(C). In 
other words, Wx is the Galois group of the covering C — > T x . 

3.4.2. Automorphism free spherical varieties. Recall that sober spherical varieties 
have a unique simple complete toroidal embedding X. The following two problems 
are natural. 

(1) Give an explicit description of X. 

(2) Is X smooth? 

Definition 3.4.7. A smooth simple complete toroidal embedding is called a won- 
derful embedding. 

There are complete answers to these problems for automorphism free spherical 
varieties i.e. for H = Nq(H). For H satisfying this condition, define the Demazure 
embedding Xrj as the closure of the G-orbit of the Lie algebra \) of H in the Grafi- 
mann variety G(h, q) with h = dimf). This is a non necessarily normal completion 
of G/H. Brion [26] proves that the inclusion of G/H in Xo extends to a morphism 
X — > Xd and that this morphism is the normalisation map. He conjectured that 
this morphism is an isomorphism and that Xd is smooth. This is now verified. 

Theorem 3.4.8. If H — Nq{H), then the variety X is smooth and X = Xd- 

The first assertion was proved by Knop in [92] and the second by Losev in [102]. 
Note that for H a spherical subgroup, its normaliser Ng(H) is such that G/Nq(H) 
is automorphism free (see [149, Lemma 30.2]). 

Remark 3.4.9. Knop proves even more: if for all n <G Na{H) acting trivially on 
T> we have n G H, then X is smooth. 

3.4.3. Symmetric varieties. Let G be a reductive group and let 9 be a group invo- 
lution of G. A closed subgroup H of G such that G e C H C N G (G 6 ) is called a 
symmetric subgroup. Vust [152] proved that any symmetric subgroup is spherical. 

Definition 3.4.10. An embedding of G/H with H a symmetric subgroup is called 
a symmetric variety. 

The classification of all embeddings is carried out in [153], we review this briefly 
here. First, let S be a torus in G maximal for the property: 6(s) = s _1 for all 
s 6 S. Let T be a maximal torus of G containing S. This torus is stable under 6 
which induces an involution on the root system R of (G,T). The restricted root 
system Rc,e is defined as 

Rg,b = {a -9(a) / aeR}. 
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This is a root system. Furthermore, there exists a Borel subgroup B containing T 
such that for a <E R + we have 9(a) = a or 9(a) 6 R~ . In that case BH/H is dense 
in G/H and Sa,e ~ {a — 9(a) / a simple root} is a basis of Rq.6- Denote by Sq g 
the set of simple coroots and by G v the dominant chamber of the dual root system 
n G,e- 

Theorem 3.4.11. Let H with G e C H C N G (G e ). 

Then X = X(S/S DH),V = -C v and p(T>) = S^ e . Furthermore the fibers of 
the map p : D — > Sq e have at most two elements. 

Note that X, V and p(D) are fixed by G and 9 but the set of colors D depends 
on the subgroup H. 

Remark 3.4.12. The classification of group involutions by Cartan [44] gives a 
classification of all symmetric subgroups. This yields a complete classification of 
symmetric varieties via colored cones and restricted root systems. The classifica- 
tion of spherical varieties proposed by Luna in [107] is directly motivated by this 
classification. 

Example 3.4.13. Any reductive group G can be realised as a symmetric G x G- 
variety: G ~ G x G/diag(G) where diag(G) is the diagonal embedding of G. It 
is the fixed point subgroup of the involution 6(x,y) — (y,x). In that case the 
restricted root system is simply the root system of G. 

When the group G is adjoint, it is easy to check that the symmetric varieties are 
automorphism free so that there exists a unique smooth simple toroidal completion. 
These completions are called complete symmetric varieties. The existence of this 
compactification was first proved in [45]. The complete symmetric varieties have 
very nice enumerative properties. The most classical example being the variety of 
complete conies in the cohomology ring of which the Steiner problem can be solved: 
there are 3264 conies tangent to 5 given conies in general position. 

3.4.4. Wonderful varieties and classification. Wonderful varieties are generalisa- 
tions of complete symmetric varieties. 

Definition 3.4.14. A G-variety X is wonderful if the following properties hold. 

• X is smooth and projective. 

• G has an open orbit in X. 

• The boundary dX = X \ is a divisor with simple normal crossing. The 
intersection of all irreducible components of dX is non empty. 

• The G-orbit closures are the partial intersections of the divisors (-Dj)ie[i,n]- 

As the definition suggests, wonderful varieties are well understood from the point 
of view of log-geometry. In particular wonderful varieties are the complete log- 
homogeneous varieties with a unique closed orbit. One can also characterise them 
as the log-homogeneous and log-Fano varieties. We refer to [36], [34] for more on 
log-homogeneous varieties. Luna [106] proved that wonderful varieties are spherical. 

Theorem 3.4.15. The wonderful varieties are the wonderful embeddings. 

The importance of spherical varieties relies on the fact that their classification is 
equivalent to the classification of spherical varieties. Indeed, Luna in [107] defines, 
for H a spherical subgroup its spherical closure H as the subgroup of elements 
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in Ng(H) acting trivially on B. He proves that the classification of the spherical 
subgroups can be deduced from the classifications of their spherical closure. The 
advantage is that H is sober (since (Nc(S)/H)° leaves D pointwise fixed) and by a 
result of Knop (see Remark 3.4.9) the simple toroidal completion of G/H is smooth 
therefore it is a wonderful variety. 

The main problem is now to determine, for X a wonderful variety which spheri- 
cal system i.e. triples (X V (X), V(X), D{X)) actually occur and to describe all the 
varieties associated to this triple. Losev [102] proved that for each triple, there ex- 
ists at most one wonderful variety X having the corresponding triple of invariants. 
In [107], Luna replaces the triple by the triple (X V (X), E(X), T){X)) where Y> x is 
the set of simple roots generating the cone V(X) (see Theorem 3.4.4). In the case of 
symmetric varieties we recover the restricted root system. Luna gives an axiomatic 
definition of spherical systems and the problem is to construct a wonderful vari- 
ety associated to each abstract spherical system. Recently two solutions, the first 
via combinatorics in [19], [20] and [21] and the second via geometry in [49] were 
proposed. 

3.4.5. Comments. Proposition 3.4.1 was first proved in [41, Section 5.2], see [86, 
Section 4 and Theorem 6.1] for a characteristic free statement. The geometric 
description of the little Weyl group Wx was first given in [85]. The fact that the 
cone V is a fundamental domain for Wx is proved in [89]. Note that the set of 
invariant valuations forms a cone V for any G-variety as was proved by Knop in 
[88] over any algebraically closed fields. Knop conjectures that V should be the 
fundamental domain of a Weyl group also in positive characteristic. This question 
remains open. 

4. Further geometric properties 

4.1. Mori theory. There is a general framework for studying the birational geom- 
etry of complex projective variety called Mori theory. The minimal model program 
(MMP) has been proved in dimension at most three with charfc = but is still not 
available in full generality in higher dimension. Large parts of it have been now 
realised for charfc = but very few results are available in general for charfc > 0. 
In this section we will explain that the MMP works perfectly for spherical varieties 
in all characteristics. 

4.1.1. Mori dream spaces. A conceptual reason for the MMP to run perfectly can 
be stated as follows. 

Theorem 4.1.1. A projective spherical Q-factorial variety is a Mori dream space. 

Mori dream spaces were introduced by Hu and Keel [71] who proved that for 
these varieties, the MMP works perfectly in all characteristics (see in particular [71, 
Proposition 1.11]). Recall a definition of Mori dream spaces 7 . 

Definition 4.1.2. (i) Let (Dj) ie [i >n ] be a family of Cartier divisors. Then we write 
R(X,(D i ) ie[hn] )= H°(X,Ox(EiriDi))- 

(ri) ie [i,„]€Z» 

This is a Z™-graded ring. 

7 Note that this is not the usual definition of Mori dream spaces, see [71, Definition 1.10 and 
Theorem 2.9]. 
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(n) A Mori dream space is a normal projective Q- factorial variety X with N 1 (X) 
finitely generated and having a basis ([Di]) ie [i n ^ of A fl (X) with Di Cartier for all 
i and such that the ring R(X, (Di) iC [ l n ]) is finitely generated. 

Proof of Theorem 4.1.1. By Corollaries 2.2.2 and 3.2.6 Pic(X) = N X (X) is torsion 
free and finitely generated. Furthermore, the nef cone is a rational polyhedral 
convex cone (see Theorem 3.2.9). Let (-Di)ie[i.n] be a set of generators of this 
group. The following lemma concludes the proof. □ 

Lemma 4.1.3. Let (L , i)i G [i.„] be a collection of Cartier divisors on a spherical 
variety X, then R(X, (A)ie[i,n]) is finitely generated. 

Proof. Consider the vector bundle V over X associated to the locally free sheaf 
®iQx(—Di). The variety V is affine over X and is spherical for the group G x 
GJ^. Since R(X, (£)j) ie [i ;n ]) = H°(V, Oy) we are left to prove that for X spherical 
H°(X, Ox) is finitely generated. 

We only have to prove that H°(X, 0x) U is finitely generated where U is a max- 
imal unipotent subgroup: in characteristic 0, if H°(X, Ox) U is finitely generated, 
then it generates a G-stable subalgebra R. If A if a complementary G-module 
then A u = thus A = 0. In positive characteristics, see [61, Theorem 9]. But 
H°(X, O x ) U is generated by H°(X, O x ) {B) and since there is a dense 5-orbit 
each eigenspace has dimension at most 1. Let V be the monoid of the weights of 
H°(X, Qx)^ B \ we have to prove that T is finitely generated. 

Let X(r) the subgroup of X(T) generated by T. Let f2 be the dense B orbit in X. 
The complement of is a finite union of B-stable divisors (D) DeVu y( X ). We have 

F = {A G X(F) / v D {f\) > for f\ G H°(X, O x )[ B) and D G VllV(X)}. Therefore 
F is a polyhedral convex cone and by Gordan's Lemma it is finitely generated. □ 

4.1.2. Mori program. The following results, known as contraction Theorem, exis- 
tence of flips and termination of flips are standard consequences of the above result. 
We give here sketches of proof in the spherical variety setting. 

Recall from Corollary 2.2.2, that the cone of effective curves NE{X) on a pro- 
jective spherical variety X is convex polyhedral. For / : X — > Y with X projective, 
we denote by NE(X/Y) the cone of effective curves contracted by /. 

Theorem 4.1.4. Let X be a projective spherical variety. 

(i) For each face F of NE{X), there is a unique spherical variety Xp and 
a unique G-morphism contp : X — > Xp with connected fibers such that F — 
NE(X/X F ). 

(n) The face F generates the kernel of {contp) » : N\(X)q — > N\(Xp)q and 
N 1 (Xp)q can be identified to the orthogonal of F in A^ 1 (X)q. 

(ill) Any morphism ip : X — > Y with Y projective such that F C NE(X/Y) 
factors through contp. 

Proof. We only construct the contraction and prove the factorisation property. 
Pick D a Cartier divisor such that D is positive on NE(X) \ F and vanishes on 
F. Then A = (B n H°(X, Qx(nD)) is a finitely generated normal G-algebra. Define 
Xp — Proj(A). This yields the contraction. 

If ip : X -> Y satisfies F C NE(X/Y), then consider F' = NE(X/Y) and we 
have that F'/F is a face of NE(Xp). As above there is a morphism Contpi/p : 
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Xf — > X' = (Xf)f'/f- Then by unicity we have that ContF> = Contp'/F °ContF 
and this morphism is also the Stein factorisation of tp concluding the proof. □ 

Theorem 4.1.5. Let X be a ^-factorial projective spherical variety and let R be 
an extremal ray of NE(X) such that Cont R ■ X — > X R is an isomorphism in 
codimension one. 

Then there exists a unique ^-factorial projective spherical variety X + and a 
unique birational morphism ip + : X + — > X R called the flip of Cont R such that 

• </?+= Cont R + is the contraction of an extremal ray R + in NE(X + ). 

• ip + is an isomorphism in codimension one. 

• The spaces N 1 (X) and N 1 (X + ) are identified via tp + o Cont^ 1 and the 
half-lines R and R + are opposite in Ni(X). 

Proof. We will only construct the morphism tp + : X + — > X R . Let G be a curve 
in X such that [G] spans R and let D be a Cartier divisor with D ■ C < 0. Then 
A = (B n (ContFi)*Ox(nD) is finitely generated (use the Local Structure Theorem 
to pass from the relative setting to the global setting and use Lemma 4.1.3) and up 
to taking some power of D it is a normal G-algebra. Define X + = Proj(A). This 
yields the flip. □ 

Let D be a divisor and let Cont R + : X + — > X R be the flip of Cont R : X — > X R . 
We say that the flip is D-directed if D ■ R < and D ■ R+ > 0. 

Theorem 4.1.6. There is no infinite sequence of D-directed flips. 

Proof. First remark that X + and X are birational and isomorphic in codimension 
one. In particular they share the same sets of B-stable and G-stable divisors. 
Having these two sets fixed, there are only finitely many possible fans for X + and by 
Theorem 3.1.10 this implies that there are only finitely many possible embeddings of 
G/H obtained by flips from X. In particular, there exists a Q- factorial embedding 
X of G/H which dominates all the flips obtained from X. Let X + be one of these 
flips, then we have morphisms / : X — V X and f + : X ^ X + and we claim that 

D x = f*D + aiEi = f + *D+ + £ a+ E t 

i i 

with a'l > ai and inequality for some index i (here D + is the strict transform of D). 
This will conclude the proof. To prove this assertion remark that f + *D + — f*D 
is nef relatively to the composition X — > X — > X R and since any relatively nef 
divisor is globally generated (this is a relative version of Corollary 3.2.11) the result 
follows. □ 

4.1.3. Comments. The results of this section are taken from [28] and [38]. The 
proof of Lemma 4.1.3 is taken from [87]. Most of these results can be stated in a 
more general context: all the results remain true for the relative minimal model 
program over a G-spherical variety S. Furthermore, these statements are true for 
varieties of complexity 1. See [38] for these generalisations. In [28], a more precise 
study of the cone of curves as well as the description of part of the above results in 
terms of colored fans (see Section 3.1) has been achieved. 

4.2. Frobenius splitting. In this section we prove that starting with a spherical 
variety in characteristic 0, its reductions modulo a prime p are Frobenius split for 
almost all p. We deduce different proofs of Corollary 2.3.4 and Theorem 2.3.5. 
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4.2.1. Existence of a splitting. For a variety X defined over an algebraic closed 
field k of positive characteristic p, we say that X is Frobenius split if the absolute 
Frobenius morphism F : X — > X has a section on the level of structural sheaves i.e. 
the morphism Ox — > ^*0x has a section y> : F*Qx — > Ox- A subvariety Y C X is 
compatibly split for ip if its sheaf of ideals 3y satisfies ip(F^3y) C Jy. We will use 
the book [39] for further reference on Frobenius splittings. 

Let X be spherical and defined over an algebraically closed field of characteristic 
and write X p for its reduction to an algebraically closed field of characteristic p. 

Theorem 4.2.1. The variety X p is Frobenius split with splitting ip for all but 
finitely many p and ip compatibly splits all the closed G-stable subvarieties. 

Proof. Since any spherical variety has a completion which itself has a resolution by a 
complete toroidal variety, we may assume X smooth complete and toroidal (using 
[39, Lemma 1.1.7 and 1.1.8]). In particular X p is smooth for all except finitely 
many primes. Since any closed G-variety is the intersection of G-stable divisors, it 
is enough to prove that X is split by a (p — l)-power of a section of ux compatibly 
splitting all G-stable divisors (see [39, Proposition 1.2.1 and Theorem 1.4.10]). 

Theorem 3.3.9 implies that for Y a closed orbit in X, we have ujy 1 = H\y 
with H globally generated. Since Y p is projective homogeneous there exists a G 
H°(Y p ,LUy^) such that a p ^ 1 splits Y. But in characteristic zero, H°(Y, Wy 1 ) is 

irreducible and H globally generated therefore the map H°(X,H) — > H°{Y, uty 1 ) 
is surjective. This is still true for X p , Y p for p large enough thus there is a lift r of 
a. Multiply t by the canonical section of dX and take a (p — l)-power to get the 
desired splitting. □ 

Corollary 4.2.2. Let X be a spherical variety and Y a closed G-stable subvariety, 
then for all but finitely many p the variety Y p has rational singularities. 

Proof. It is enough to prove that X p has rational singularities for large p and that 
Y p is normal for large p since the Y p is again a spherical variety. We may assume 
X affine and consider a toroidal resolution 7r : X — > X. Pick a relative ample 
B-stable divisor D. By Theorem 3.3.9, we have (1 — p)K x > D for p large. In 
particular the splitting which compatibly splits the closed G-stable subvarieties is 
a D-splitting by [39, Remark 1.4.2]. Furthermore since n is G-equi variant, the 
splitting vanishes on the exceptional locus. By [39, Theorem 1.2.8 and 1.3.14], 
we get ff°(X p ,i?V»0_y ) = H l (X p ,Ox p ) = for % > thus R-K*0 Xp = and 
FCtt^x = for i > 0. This proves that X has rational singularities. We also get, 

for Y a closed G-stable subvariety of X, surjections H°(X,ir*£) -> H°(Y, ir*L\ Y ) 
for L globally generated on X. By [39, Lemma 3.3.3] this proves tt*Q y = Oy for 
Y = n(Y) proving the normality of the closed G-stable subvarieties in X. □ 

Corollary 4.2.3. Assume that X is proper over an affine, then for all but finitely 
many p and for £ nef on X, we have i? J (X p , £ p ) = for i > and the map 
H°(X p , £ p ) -4- H°(Y p , £ p ) is surjective for all Y closed and G-stable in X . 

Proof. Pick a toroidal resolution n : X — > X. By the previous result we have 
7t*Oy = 0x„ an d R l ir*Qy = for i > so the results follow from the toroidal 
case explained in the proof of the previous Corollary. □ 
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4.2.2. Comments. Frobenius splitting techniques were first introduced by Mehta 
and Ramanathan [130], [112] to study Schubert varieties. For some special classes 
of spherical varieties, more precise results have been obtained. Any toric variety is 
Frobenius split in any characteristic (see for example [121]). The spherical G x G- 
embeddings of a reductive group G are also Frobenius split in any characteristic 
and it can be proved that they admit a rational resolution so that they are Cohen- 
Macaulay (see [144] or [39, Chapter 6]). In [146], R. Tange explains how to extend 
these splitting results to some other cases using generalised parabolic induction 
techniques. More generally, in any characteristic different from 2, any embedding 
of a symmetric variety (see Definition 3.4.10) is Frobenius split compatibly with the 
closed G-stable subvarieties (this was proved in [46] for the Wonderful compactifi- 
cation, it is easily extended to all embeddings, see [125]). This was used in [125] to 
study the Gaufi map in positive characteristic for cominuscule homogeneous spaces. 

Some much more precise splitting results have been obtained by X. He and J.F. 
Thomsen in [66] and [67]. In particular they applied these results to describe the 
singularities of B x 5-orbit closures in spherical G x G-embeddings of a reductive 
group G (see also Subsection 4.4.4). 

4.3. Convex geometry. In this section we assume charfc = and X to be a 
projective. We associate to X several convex polytopes and see that many geometric 
properties of X can be described in terms of these polytopes. 

We prove that the moment map gives rise to another characterisation of spheri- 
cal varieties and that the classification by colored cones can partially be translated 
into convex geometry of the image of the moment map. Using more general con- 
vex polytopes we construct flat deformation to toric varieties, give a smoothness 
criterion and describe a subring of the cohomology ring of spherical varieties. 

4.3.1. Moment map. Assume k — C For V a G-module and X a projective G- 
variety equivariantly embedded in f(V), there exists a moment map \i : X — > t v 
where t is the Lie algebra of a maximal compact subgroup K of G. The map can 
be defined as follows. Let ( , ) be an hermitian if-invariant scalar product on V, 
then h(x){k) = i ■ If T is a maximal torus of G such that Tk = T n K is 

a maximal torus in K, then the dual t^- of the Lie algebra of Tk is the subspace 
of TV-invariants in t v . This subspace contains the dominant chamber t K + . The 
following is a classical result. 

Theorem 4.3.1. l-i(X) n + is convex. 

In this context, Brion gave a new proof of this result by reinterpreting the convex 
polytope n(X) H t K We shall see that the polytope contains many information 
on the geometry of the variety X. Let £ be an ample G-linearised line bundle on 
X and let R(X,L) = ® n H°(X,L® n ). 

Definition 4.3.2. Set A(X,L) = {A / 3 n : n\ e X(T) and H° (X , L®")^ / 0}. 

Because the algebra of [/-invariants R(X, £) u is integral of finite type, the above 
set A(X,L) is a convex polytope (see for example [23, Proposition 2.1]). Further- 
more one easily checks that it spans an affine space with vector space direction Xq 
in X(T)q (see [35, Proposition 1.2.3]). Assume that L = P (y)(l). 

Proposition 4.3.3. We have A(X, L) = pt{X) n t K + n X(T)q. 
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Proof. The main idea is that for A dominant, results of Mumford (see [113, Appen- 
dix]) imply that the weight X/n lies in fJ,(X) if and only if X x G/P\ has a stable 
point with respect to the polarisation L® n ® G /p A (l) (here P\ is the parabolic 
subgroup stabilising A) . This in turn is equivalent to the existence of a non-trivial 
invariant and therefore a non trivial map V m \ — > H°(X,L® mn ) proving the result. 
□ 

We now characterise spherical varieties thanks to the moment map. 

Proposition 4.3.4. Let X be a normal G-variety, then X is spherical if and only 
if for each x £ X, the fibre fi~ 1 (fi(x)) is an orbit under the stabiliser of fj,(x). 

Proof. We keep the notation of the previous proof. A result of Kirwan [82] implies: 
for A dominant, with X/n £ fJ-(X), the quotient X/n) / K_\/ n is homeomor- 

phic to the GIT quotient (X x G/P x )//G (with polarisation L® n <g> g/Pa (1) as 
in the proof of Proposition 4.3.3). In particular this quotient is connected. If X 
is spherical, then the GIT quotient is finite and thus reduced to a point. Con- 
versely, if the quotient of the fiber is a point, so is the GIT quotient thus the 
algebra R(X x G/P\,L® n <g> g / Pa (1)) g is of dimension 1. Its degree l piece 
Hom(V" A , H°(X, £®")) G is thus of dimension at most 1 proving that X is spherical 
by Theorem 2.1.2. □ 

We describe the connection between the colored fan of X and the convex polytope 
A{X,L). Let a £ H°{X,Zf B \ we can write 

div(cr) = ^2 n DD, 
DeV(x)u'i> 

with hd > 0. Let A CT be the B-weight of a. 

Proposition 4.3.5. A(X, L) = {A CT +£ / {p(v> D ),C) + n D > for D e V(X) U T>)} 

Proof. This comes from the fact that a section of H°(X, £® n ) is of the form a n f 
for some / £ k(X) and defines an effective divisor. □ 

Some of the fan geometry can be translated into convex geometry of the polytope 
A(X,L). We only state the following result. 

Theorem 4.3.6. Let Y be a G-orbit Y. 
(i) A(F,£) is a face ofA(X,Z). 

(it) &{r(X) is the dual cone: G^(X) = {v £ / (i>,£) > V£ £ A(F,£)}. 
(m) D Y (X) = {D £ T)J {p(vD),Z-K)+n D =0, V£ £ A(Y,£)}. 
(iv) The map Y ^ A(Y,L) is a bisection from the G-orbits onto the set of faces 
of A(X,L) whose interior meets V. 

4.3.2. Deformation to toric varieties. There is a general framework steaming from 
convex geometry which leads to the construction of flat deformation of projective 
varieties to toric varieties. This was first initiated by Okounkov [115] and [116] and 
developed in several directions (see [98], [5]). For spherical varieties, this was first 
developed by Kaveh [73] and Alexeev and Brion [3] inspired in many aspects by 
the work of Caldero [43] on toric degeneration of projective rational homogeneous 
spaces. 

Definition 4.3.7. Let F be a semigroup in N x Z d , we define the cone C(F) as the 
cone in M x R d generated by T and the Okounkov body as A(F) = C(T) n (1 x R d ). 
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Choose a total ordering which respects addition on Z d , a Z d -valuation on a field 
if is a map v : K \ {0} — > Z d such that v(f + q) > mm(u(f), v{g)) and v(fg) = 

Example 4.3.8. Let X be a projective variety of dimension n and (li)ie[i,n] a 
complete flag of sub varieties with Yi normal of dimension i, then we may define 
a valuation vy. ■ k(X) — > Z" by the order of functions on the subvarieties Yj: 
uy.U) = (ord Yl (/),.-. ,ordy„(/)). 

Example 4.3.9. Starting with a line bundle £ on X and zv a Z d -valuation on k(X), 
we may define the corresponding Newton-Okounkov body. Define the semigroup 

T = T V (X,L) = {(k,v(f)) g N x Z d I for / e tf°(X, £® fc )}. 

The cone C(r) and the Okounkov body A(T) will be in this case denoted by 
C V {X,L) and A U (X,L). 

Example 4.3.10. The moment body A(X, L) is an Okounkov body for the semi- 
group obtained using the weights of B-semiinvariant functions by setting 

T(X, L) = {(k, A) e N x X{T) I H°(X, L® k )[ B) ^ 0}. 

Let r be a semigroup in N x 7L d and let R = ® n Rn be a graded ring with a 
filtration (9 r 7 ) 7G r indexed by T satisfying the following conditions: 

• for 7 < 7', we have 5F 7 C 9y 

^ If -y * If -y' (ZI if 'y-J-'y' ■ 

Denote by Gr^(i?) the graded algebra associated to the filtration. Denote by iF< 7 
(resp. ?"< 7 ) the union of the 5Fy with 7' < 7 (resp. 7' < 7). We say that the 
filtration has leaves of dimension one if dim3 r < 7 /3 : ' <7 < 1. 

Example 4.3.11. Starting with a valuation coming from a flag of subvarieties as 
in Example 4.3.8, then the filtration obtained from the lexicographical order on Z™ 
by J 1 = {/ / v(f) > 7} has leaves of dimension one (see [98, Lemma 1.3] ). 

Theorem 4.3.12. Assume that T is finitely generated. 

(I) Then there exists a finitely generated subalgebra 01 C R[t] such that 

• 01 is flat over k[t]; 

• Ol/tOl ~ Gr?(R). 

(II) If furthermore the filtration has leaves of dimension one and ifT contains all 
the rational points (N x Z d ) n C(T) of the cone C(T), then the limit Proj (Gr?(R)) 
is normal and is the toric variety associated to the convex polytope A(r). 

Proof. (1) This proof is now classical, we follow [43] and [3]. The ring Gr^(R) is 
finitely generated. Pick generators (/J of degree 7* lift them in (/j) in generators 
of R. Consider the morphism of graded rings S = k[xi] — > R, xi i-> /j. Pick 
generators ~g k of degree Vk of the kernel. We have g~k{fi) G R<v k and we may find 
gk G 3fe + S'<,y fc with gk(fi) = 0. Since the associated graded map is an isomorphism, 
so is the map S/(gk) — > R- Pick a linear map ZxZ d ^Z such that n is positive on 
7, — i/£ and the generators of Z x Z d (for the existence see [5, Lemma 5.2]). Define 
R<j as the span of the monomials in fi whose degree has value at most j under 
the map n. Then the ring 01 = (BnRKjtf satisfies the conditions. 
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(n) The filtration being with leaves of dimension one, the limit algebra Gi^(R) is 
the algebra fc[r] of the semigroup T. Furthermore, the condition on the semigroup 
is classically equivalent to the normality (see [56, Section 2.1 Proposition 2] or [114, 
Proposition 1.2]). □ 

We may now apply this result to spherical varieties. This is based on two main 
facts. First the multiplicity-free property of spherical varieties, second combinato- 
rial properties of dual canonical bases. 

Let X be a projective spherical variety and let L be an ample G-linearised line 
bundle. Let R = R(X,L) = ® n H°(X, £® n ). This ring is multiplicity-free i.e. 

(1) Rn= V(X), 

(n,\)er(x,L) 

with V(X) the representation of highest weight A and T(X, L), the semigroup defined 
in Example 4.3.10. 

The dual canonical basis (i>a,^) is a basis of V(X) for all A. Furthermore there ex- 
ists a so called string parametrisation by elements in Z d (with d = dim U) satisfying 
the following conditions (see [101]). Let T can = {(A,0) G X{T) x Z d / 3 v x ,<j, ^ 0}. 

Theorem 4.3.13. T can is the intersection of a polyhedral cone G can with X(T)xZ d . 

Let A can be the Okounkov body of T can . The multiplicative properties of the 
dual canonical basis (proved in [43]) imply that the set 

T str = {(n, \,<j>) e N x X(T) x Z d / (n, A) e T{X, £), (A, <j>) e T can } 

is a semigroup called the string semigroup of R. We have an isomorphism of graded 
module 

(2) R ~ k[T str ] 
and the previous results easily imply. 

Corollary 4.3.14. Let X be a projective spherical variety with L ample, then there 
exists a flat deformation to a toric variety Xq — Projfc[r sir ] 

Corollary 4.3.15. Projective 8 spherical varieties have rational singularities. 

Proof. Since toric varieties have rational singularities (see [56, Section 3.5 last 
Proposition], [114, Corollary 3.9]), this follows from the stability of rational singu- 
larities under deformations (see [53]). □ 



4.3.3. Okounkov bodies and degree of line bundles. After Okounkov [115] and La- 
zarsfeld and Mustafa [98], Kaveh and Khovanskii study, in a series of papers 
[76], [77], the relationship between the geometry of varieties (in particular the growth 
of sections of line bundles) with the convex geometry of some semigroups in N x 7L d . 
In particular they prove the following approximation result (see [76, Theorem 1.13]). 

Theorem 4.3.16. Let T be a semigroup in N x Z d , let A be the corresponding 
Okounkov body and let Hr(k) be the number of elements inY n ({k} x Z d ). 

(i) Then Hr(k) ~ vol(A)k q where q — dim A and vol(A) is the volume of the 
convex body A 9 . 

8 This statement is also true for affine spherical varieties. Indeed, in the affine case, the same 
arguments lead to the existence of a deformation to an affine normal toric variety. 
9 The volume is normalised so that the volume of the quotient R X R d /Z X "L d is 1. 



30 



N. PERRIN 



(it) Let F be a polynomial function of degree n on R d and let f be its homogeneous 
part of degree n, then 

lim E(fc f g + rf(x) = / f(x)dx 

fe^oo k n +1 J A 

where dx is the Lebesgue measure on A. 

Let X be spherical of dimension n. We can apply this result in a straightforward 
way using the description of the ring R(X, £) for L an ample line bundle. Indeed, 
Equation (1) and Equation (2) give 

dimH°(X,L® k ) = dimV(X) ~ vol(A str )fc dimA *"\ 

(fe,A)er(x,£) 

The function dimV(X) is a polynomial function on the characters. It is given by 
the formula F(X) = U a>0 Set /(A) = U a>0 

Corollary 4.3.17. We have deg£ = nlvol(A str ) — n\ f A r X £) f{ x )dx. 

4.3.4. Smoothness criterion. The same type of arguments were used by Brion [27] 
to give a smoothness criterion for spherical varieties. Since this is a local problem, 
we may assume that X is simple with closed orbit Y. The main idea is to compute 
the multiplicity of the ideal of Y 10 using an integral on a simplex. Let Q Y {X) be the 
cone associated to X and let Cy(X) be its dual. Let (fi) be generators of Cy(X) 
and define 

e(Y) = e Y (x)\f](f i + e Y (x)). 

i 

Recall the definition of the function / above. 

Theorem 4.3.18. The multiplicity of the ideal ofY is given by 



\ f(x)dx 
Je(Y) 



c! 

'e(F) 

where c is the codimension of Y in X . 

Corollary 4.3.19. The variety X is smooth if and only if the cone G Y (X) is 
generated by a basis o/X v and C(Y) is a simplex of volume 1/ codim(Y")! for the 
form f(x)dx. 

4.3.5. Intersection theory. Kaveh explained in [74] how to describe the subring of 
the cohomology ring H*(X, M.) generated by the Picard group Pic(X) thanks to the 
formula for the degree of any line bundle. The main observation is the following 
result. 

Theorem 4.3.20. Let A = X)"=o ^ ^ e a commutative, finite dimensional graded 
k-algebra, generated in degree 1, satisfying Poincare duality and such that Aq = 
A n = k . 

Let (i?i)ie[i, r ] be a basis of A\ and define the polynomial P by P{x\, ■ ■ ■ ,x r ) = 
(J2iXiHi) n G A n . Then the algebra A is isomorphic to fc[Yi, • • • ,Y r ]/I where I is 
the ideal 



4 



^The multiplicity of an ideal / in a local ring A is the highest term in k of the function 
lg(A//«). 
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Let X be a spherical projective variety of dimension n and fix (i?i)ig[i. r ] a 
basis of Pic(A). For £ an ample line bundle, write L — J2i x i^i an d define 
P(xi, ■■■ ,x r ) = dcg(A, L) = ra!vol(A str ). 

Corollary 4.3.21. Assume that the subalgebra of H*(X, R) generated by Pic(i?) 
satisfies Poincare duality, then this algebra is isomorphic to R[Yi, • • • ,Y r ]/I where 
I is the ideal 



This result in particular generalises Borel's presentation of the cohomology ring 
of complete flag varieties [14] and the description by [129] of the cohomology ring 
of toric varieties. 

4.3.6. Comments. Theorem 4.3.1 was initiated by Guillemin and Steinberg [62], 
[63] and proved in full generality in [82]. Proposition 4.3.4 was proved in a more 
general setting by Atiyah [7] . We follow the proof of Brion [23] . The results on the 
moment map are mainly taken from [23]. The proof of Theorem 4.3.6 can be found 
in [35, Proposition 5.3.2]. 

Our presentation of toric degenerations follows [3], [5] and [77]. In a recent 
preprint [75], Kaveh recovers the parametrisation of the dual canonical basis via 
Okounkov type valuations as in Example 4.3.8 and recovers this way the multi- 
plicative property of the dual canonical basis. Note also that Alexeev and Brion 
constructed moduli spaces for spherical varieties and some of their deformations in 
[4]. See also the survey [37]. 

The formula in Corollary 4.3.17 for the degree was first proved in [24] and recov- 
ered using general Okounkov bodies techniques in [77]. The smoothness criterion 
appears in [27, Theoreme and Corollaire 4.1]. 

The comparison between the polytope ring and Schubert calculus for homoge- 
neous spaces of type A have been pursued in [80] and [81]. 

The connection between spherical varieties and symplectic geometry is illustrated 
by the solution of Delzant's conjecture. In [51], Delzant conjectured that, if K is a 
compact Lie group, the symplectomorphic class of a multiplicity-free Hamiltonian 
ii'-manifold (multiplicity-free means here that K has a dense orbit in the preimage 
of any coadjoint orbit by the moment map) is determined by the convex polytope 
n(X) flt^- , (obtained as the intersection of the image of the moment map with the 
dominant chamber) and by its general stabiliser (the stabiliser of a general point in 
yU _1 (/i(A) n t^- + )). Knop [93] proved that this conjecture is equivalent to the fact 
that affine spherical varieties are determined by their weight monoid. This in turn 
was proved by Losev [103], [104]. Furthermore Knop describes in [93], building on 
a classification of smooth affine spherical varieties in [94] , which moment polytopes 
and general stabilisers actually occur. We refer to [52], [105] and [93] for more 
details on this topic. 

4.4. S-orbits. An interesting combinatorial object associated to any spherical va- 
riety X is the set B(X) of B-orbit closures in X. As for homogeneous spaces, this 
set has two natural orderings: Bruhat and weak Bruhat orders. 

Bruhat order is given by inclusion. The weak Bruhat order on B(X) is defined as 
follows. The maximal elements for the weak order are the closures of the G-orbits. 
If Y e B(X) is not G-stable, then there exists a minimal parabolic subgroup P 
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containing B such that PY ^ Y. We say that P raises Y to PY and write Y =4 PY . 
These are the covering relations of the weak Bruhat order. 

4.4.1. Graph T(X). For a covering relation Y =4 PY, we may consider the proper 
morphism tt : P x B Y -> PY. 

Proposition 4.4.1. One of the following occurs. 

• Type U: PY = YUY' and n is birational. 

• Type N: PY = Yl)Y' and n has degree 2. 

• Type T: PY = Y U Y' U Y" for Y" E B(X) with dimF" = dim Y and n is 
birational. 

Proof. For x general in Y, write P x for the stabiliser of x in P. If is the dense 
P-orbit in Y, the orbits in PO are in bijections with the orbits of P x in P/B. 
Considering the image of P x in Aut(P/B) there are three cases: the image contains 
the maximal unipotent subgroup (type U), the image is the normaliser of a maximal 
torus (type N) or the image is a maximal torus (type T). □ 

Definition 4.4.2. The graph T(X) has B(X) as set of vertices and has a P-edge 
of type U, T or N for each covering relation Y =4 PY of this type. 

Example 4.4.3. For projective rational homogeneous spaces, the graph T(X) is 
connected and has only edges of type U. 

Some geometric properties of the orbit closures can be seen on the graph T(X). 

Corollary AAA. Assume that Pi and P 2 raise Y to Y\ and Y 2 with type U or T 
and N respectively and that P 2 raises Y\ to Y3 with type U or T, then Y3 is not 
normal along Y 2 . 

\ 

Y 1 Y 2 




Y 

Graph T(X) 



— 1 — Pi-edges of type U or T 
— a — p2-edges of type U or T 
2 p2-edges of type N 

Proof. The morphism P 2 x B Y\ — > Y$ is birational while its restriction P 2 x B Y — > Y 2 
has non connected fibres. Zariski main Theorem gives the conclusion. □ 

Example 4.4.5. Take G = Sp 4 and H the normaliser of the Levi subgroup of 
the maximal parabolic subgroup associated to the simple long root. Then G/H 
contains a configuration of P-orbits as in the above corollary (see [31, Example 1]). 

4.4.2. Normality criterion. As Corollary 4.4.4 shows, in some cases, the existence of 
edges of type N is the graph T(X) prevents some orbit closures from being normal. 
If there is no edge of type N, Brion proved the following general result. 
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Definition 4.4.6. A variety Y S B(X) is called multiplicity-free if there is no edge 
of type N in the full subgraph of T(X) with vertices the elements Y' )p Y . 

Theorem 4.4.7. Let Y G B(X) be multiplicity-free and assume that for Y' )p= Y , 
the variety Y' contains a G- orbit if and only ifY' = GY . If GY is normal, Cohen- 
Macaulay or has a rational resolution, then so does Y . 

Proof. We only sketch the proof of the normality and refer to [32] for the rest of 
the proof. We shall need the following two results. 

For Y e B(X) and P raising Y write 7r : P x B Y — > PY. For any sheaf J on 
P x B Y, we have R 1 tt*3 — for i > 1 and R 1 Tr r O Px B Y = (see for example [31, 
Page 294]). 

For S a sheaf on Y, write P x B 9 the corresponding sheaf induced on P x B Y. 
Then if 9 is invariant under the stabiliser of Y in G and if 7r* (P x B 5") =0 for any 
P raising Y, then Supp9 is G- invariant (see for example [31, Lemma 8[). 

Assume that G ■ Y is normal. We prove by induction on the codimension in GY 
that Y is normal. Let v : Z — > Y be the normalization and let 1 be the cokernel 
of the map Oy — > v*Oz- The sheaf 2f is invariant under stabiliser of Y in G. The 
previous assertions imply that we have an exact sequence 

-> TT»0 PX B Y -> 7T»(P X B V)*0 PX B Z -> 7T» (P X B J) -> 

if P raises y. But then P • Y" is normal and both morphisms n, ir o (P x s v) 
are proper and birational. Thus, by Zariski's main Theorem the first two terms 
are isomorphic and 7r»(P x B 3) = 0. We conclude that SuppiF is G-invariant thus 
1 = since T contains no G-orbit. □ 

Remark 4.4.8. In characteristic 0, the variety GY is always normal, Cohen- 
Macaulay and has a rational resolution. 

The above result and proof is valid for any G- variety X, see [32]. This has a 
very nice application to subvarieties of homogeneous spaces that we explain in the 
next subsection. 

4.4.3. Multiplicity-free classes. A natural geometric question for any (smooth) va- 
riety X and a homology class a e H*(X,Z) is to ask whether this class can be 
represented by a subvariety Y of X i.e. with a = [Y] (or more generally by a linear 
combination of homology classes of subvarieties). This is in general a very hard 
problem since the map A*(X) — > H*(X) is not surjective. This does not occur 
for smooth spherical varieties, see Corollary 2.2.4. The following are also classical 
questions: which cohomology classes are represented by smooth subvarieties? More 
generally, given a cohomology class, what can we say on the varieties representing 
this class? 

We focus now on the case where X is a projective rational homogeneous space. 
For a e H*(X, Z) a Schubert class, the problem of determining the (irreducible or 
smooth) subvarieties Y with [Y] = a is very classical (see [16, Section 5.17], [68], 
[65]). We only have partial answers. For curves this is completely solved in [122]. 
Very precise answers are given in the case of compact Hermitian spaces in [42], 
[70], [47], [136] and [135]. In particular, for many Schubert classes, the varieties 
representing these classes have to be singular. 

More generally, it is natural to ask wether the cohomology class [Y] of a sub- 
variety Y of X imposes some geometric conditions on the variety. For examples, 
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codimension conditions on Y or intersections properties of [Y] may impose geomet- 
ric conditions on Y. (in particular simple connectedness results and results on the 
Picard group, see [6], [8], [9], [50], [55], [58], [64], [123], [124], [142]. 

The normality result of Theorem 4.4.7 implies the following striking result. A 
cohomology class a £ H* (X, Z) is called mulitplicity free if it is a non negative 
linear combination of Schubert classes with coefficients at most 1 . 

Theorem 4.4.9. Any subvariety Y in X whose cohomology class is multiplicity- 
free is normal and Cohen- Macaulay. Furthermore for any nef line bundle L on X 
the map H°{X, L) H°{Y, L) is surjective and W(X, L] ) = for i > 0. 

Proof. We deal with the case X = G/B or more precisely B\G the quotient 
by the action by left multiplication. The general case is similar. Consider the 
quotient map p : G — > X, the variety p (Y) is B-stable (for the action of B on 
G by left multiplication). Let P be a minimal parabolic subgroup and consider 
up : B\G — > P\G. Then P raises p _1 (Y) if and only if Y — > ttp(Y) is generically 
finite. Furthermore the fibers of this map identifies with the fibers of the morphism 
P x B p~ 1 (Y) — > p^ 1 (Y). Let d be their common degree and let a be a Schubert 
class such that a = tt p (3 with (3 a Schubert class in P\G. Let a' be the unique 
Schubert class such that irp^a' = (3. Projection formula gives 

f[Y].a = df [^(n P (Y))].a' 
Jx Jx 

and the multiplicity-free assumption of [Y] implies d = 1. In particular p (Y) is 
a multiplicity-free subvariety in the sense of spherical varieties (and G- varieties) . 
Since G has a unique G-orbit, Theorem 4.4.9 implies that p~ 1 (Y) and thus Y is 
normal and Cohen-Macaulay. 

A similar argument implies the existence of flat deformations to a reduced Cohen- 
Macaulay union of Schubert varieties proving the cohomology statements. □ 

4.4.4. Comments. Proposition 4.4.1 was first proved in [133] for symmetric varieties 
and extends readily to the general case. Brion studied the graph T(X) in great 
details in [31]. The proof of Theorem 4.4.7 is taken from [32]. 

The geometry of S-orbit closures in spherical varieties is far from being com- 
pletely understood. It has its origin in the importance of the geometry of Schubert 
varieties in projective rational homogeneous space. A combinatorial description of 
T(X) as well as of the weak and strong orders for symmetric varieties was achieved 
in [133] and [134]. 

F. Knop in [91] defines an action of the Weyl group W of G on B(X) and 
recovers the little Weyl group (see Subsection 3.4.1) as a subgroup of the stabiliser 
in W of X seen as an element of B(X). N. Ressayre gives in [131] invariants 
characterising the orbits of the Weyl group action on Y{X). In [132] he gives a 
classification and several equivalent definitions of the spherical varieties for which 
W acts transitively on the _B-orbits within the same G-orbit. These varieties are 
called spherical varieties of minimal rank and are also characterised by the fact that 
T(X) has only edges of type U. 

In general it is not known when the closures of -B-orbits are normal. Normal- 
ity and stronger results (such as globally F-regularity) have been proved by He 
and Thomsen [66] for closures of B x _B-orbits in equivariant compactifications of 
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reductive groups (see also [67] for more results). However, even for symmetric va- 
rieties the closures of B-orbits are not normal in general (see Example 4.4.5). The 
normality of B-orbit closures is proved for some products of projective rational 
homogeneous spaces for a simply-laced semisimple group G which are spherical in 
[!]■ 

5. Examples 

In this section we give some examples of spherical varieties. 

5.1. Toric varieties. Recall that a toric variety is a normal variety X with a dense 
orbit of a torus T. Toric varieties are spherical. 

5.2. Projective rational homogeneous spaces. For G reductive and P a par- 
abolic subgroup, the quotient G/P is a projective rational homogeneous space. 
Bruhat decomposition implies that they are spherical varieties. 

5.3. Horospherical varieties. Horospherical varieties form the simplest class of 
spherical varieties containing both toric varieties and projective rational homoge- 
neous spaces. Horospherical varieties are the embeddings of homogeneous spaces 
G/H such that H contains a maximal unipotent subgroup U of G. Bruhat decom- 
position implies their sphericity. Another characterisation of horospherical varieties 
is the equality V = X v (see for example [86, Corollary 6.2]). This simplifies the com- 
binatorics involved in the classification by colored cones. For example, the toroidal 
horospherical varieties are the locally trivial fibrations G x p Y over a projective 
rational homogeneous space G/P with fiber a variety Y toric for a quotient of a 
maximal torus T of P (see [119] for more precise results on horospherical varieties). 

5.4. Spherical representations. Another very natural class of examples can be 
obtained by looking at rational representations of the group G. In particular, a 
complete classification of spherical representations has been obtained in [72] (for 
irreducible representations) and in [99] and [10] in general. 

5.5. Products of homogeneous spaces. It is a classical problem to ask which 
product of projective rational homogeneous spaces Yii^/^i nas a dense G-orbit. 
This is solved in [128] if all the parabolic subgroup agree and for G of type A 
or C in [109] and [110]. The more restricted problem of describing the products 
of projective rational homogeneous spaces ]J i G/Pi which are spherical is solved. 
Indeed, using the Structure Theorem 2.3.2 this problem reduces to the classification 
of spherical representations. The case of maximal parabolic subgroups was solved 
in [100], the general case can be found in [143, Corollaries 1.3.A-G]. Note that the 
case of complexity 1 has recently been solved in [126]. 
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